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Introduction 

It  is  well  known  that  a  linear  honiogeneous  ordinary  differential 
equation  witii  constant  coefficients,   whose  characteristic  roots  lie  in  the 
left  half  plane,  possesses  only  solutions  that  decay  exponentially  and  all 
solutions  of  a  slight  nonlinear  perturbation  of  the  differential  equation  also 
have  this  property.     This  result  is  due  to  Liapounov  (see  Coddington  and 
Levinson  [3,).     Bellman  [1,  showed  a  similar  result  for  the  differential- 
difference  equation 


m      n  .   . 

(3.1)  L       r      a     u^'^^Ct  +  'o  )  =  0 


where  0=b<b<...<b 

0         1  m 

Specifically,   if  all  roots  s  of  its  characteristic  equation 


m         n 
(0.2)  Z         Z     a     s'^exp  (b  s)  =  0 


satisfy /'V(s)  <  b  <  3,  then  all  solutions  of  the  differential- difference  equa- 
tion and  all  solutions  of  a  slight  nonlinear  perturbation  thereof  decay  ex- 
ponentially as  t  —  +  c^  . 

V/hat  happens  if  all  roots  s  of  the  characteristic  equation  (U.  2)  lie 
in  the  left  half  plane,   but  are  asymptotic  to  the  imaginary  axis?    This 
question  arose  in  a  study  of  a  transmission  line  problem  made  by  ?  iranker 
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[9,.  This  point  will  be  discussed  in  the  appendix.  The  primary  reason, 
however,  for  studying  this  problem  is  that  the  rate  of  decay  of  solutions 
depends  upon  their  smoothness. 

Using  tne  fact  established  by  V.'right  [l^j  that  every  solution  of  (^.  1) 

st 
can  be  represented  as  an  infinite  su:ri  of  exponential  solutions  e      (where 

s  are  solutions  of  (0.  2))  foj.  t  >  t.   provided  a        j^   3,   Hahn  [3    demonstrated 

—   L-  mn 

that  all  sufficiently  smooth  solutions  of 

(0.3)  2      [a  u^''\t  +  6)  +  b  u^^'^t):  =  C 

decay  at  least  as  fast  as  some  negative  pov/er  of  t  as  t  ->  +  ru  if  caii.-'(s)  <  0 
for  all  roots  s  of 


n 

(0.4)  2      (a  e^  +  b   )s^  =  0 

V  v 

V=  J 


He  also  showed  that  under  certain  conditions  there  exist  solutions  which 
decay  no  faster  than  some  power  of  t.     The  nonlinear  theory  and  even  the 
inhomogeneous  linear  theory,   however,  have  not  as  yet  been  studied.    It  is 
tae  primary  aim  of  this  paper  to  tackle  this  problein. 

V'e  wish  first  to  give  some  background  information  on  this  problem. 
Langer,   in  an  expository  article  [3  i,   dealt  with  the  charactei  istic  equation 
(C.  2).     fie  found  that  there  are  infinitely  many  solutions  thereof.     These 
roots  can  be  grouped  into  chains,   ai^ng  each  of  which ^a-^(s)  -<•  +  co.     If 


,noBBS'"f  \-i,6tnxTq  s::T     .xijir 
er.'.ciii'Ioa  to  Ysosb  lo  i?Ae'i  eriJ  ten.t 


<^)^^^..c^f(5-K0<^V.^i 


fs 


it  .c> 


*■>■  .. 


C.   >  (a)--ii.r''  li  >.-■  +  <-  j  oJ3  :f  i.o.''Sv/c;ci  evij/:;^,sfT  Si/ic 


;.:;fii  as  ./:;j:;e.(  sc  ^^r'5:jpo 


•lO   3   'j.iOO'i'  i.\G  'iO'i 


s(    I.' 


(i  .0 


.;;  Ji};..i 


\,GC:i;.'; 


noiifiijp 


.") 


ifi^.    (s)  -»  -o  along  the  chain,   we  nave  a  retarded  chain;  ii   /'>'■'  (s)  is  bounded, 
we  have  a  neutral  chain;  and  if    ^■'■'  (s)  —+00,   v/e  have  an  advanced  chain. 
He  then  gave  criteria  for  determining  what  type  chains  (0.  2)  has.     In  parti- 
cular,  if  a        5^  0,   we  have  no  advanced  chains;  if  a        ^0  and  a       f  C, 

mn  nnn  on 

we  have  a  neutral  chain  only;  if  a        ^0  and  a       =0,   there  is  at  least  one 

^  mn  '  on 

retarded  chain;  and  if  a        =0  and  a       ^  0,   there  are  no  retarded  chains 

mn  on 

and  at  least  one  aavancea  chain.     Cooke  [Ij  handled  this  proolexVi  for  systems 
of  differential -difference  equations.    Fontryagin  [10]  gave  necessary  and 
sufficient  conditions  for  the  negativity  of  tlie  real  parts  of  all  zeros  ox  (0.  2) 
wiiere  the  b    are  commensurable. 

Considerins?  (0. 1)  with  data  prescribed  on  [O,  b     .  or  (J.  3)  with  data 

"^  m" 

prescribed  on  [>^,  6  j,   we  note  that  if  tne  associated  characteristic  equation 

has  advanced  chains  only,   then  all  solutions  lose  smoothness  as  t  increases 

for  we  can  solve  for  u     (t  +  b     )  where  i  <  n  in  terms  of  higher  derivatives 

m 

in  the  past;  ii  the  associated  characteristic  equation  has  retarded  chains 
only,  then  all  solutions  gain  smootiiness  as  t  increases;  and  if  the  associated 
characteristic  equation  has  neutral  chains  only,   then  all  solutions  are  as 
smooth  as  they  were  initially  (Bellman  and  Cooke  [2j).     Also,   (0,  i)  has 
exactly  one  chain  and  if  we  require  h'jt>'  (s)  <  0  but  there  exists  no  b  <  0 
such  that  rxy'  (s)  <  b,  then  it  is  obviously  neutral. 

The  preceding  paragraph  leads  one  to  conjecture  that  smoothness 
plays  a  role.     In  addition  it  would  seem  reasonable  that  the  rate  of  approach 
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of  the  characteristic  roots  to  tne  imaginary  axis  should  entei'  the  discussion. 
We  shall  show  this  to  be  true  and  snail  give  a  precise  qualitative  formulation 
of  these  facts. 

C.aptei  s  I,   II,   and  III  will  be  devoted  primarily  to  a  aiscuss..on  of 

O..)  u'(t+ 6  )-u' (t)  +  au(t  +  6  )    =    g(t,u(t),  u(t  +  6  )),   a>  C,  5  >  G. 

We  remark  parenthetically  that  it  is  to  be  expected  that  the  corresponding 
cnaracteristic  roots  hug  the  imaginaiy  axis  foi  if  we  consider  tne  linea.- 
part 

(0.6)  u' (t  +  6  )  -  u' {t)  +  au(t  +  5  )  =  0 

and  divide  by  6  and  let  6  get  small  we  obtain  approximately  u"(t)  +  —  u(t)  =  0 
wiiose  characteristic  roots  lie  on  the  imaginary  axis. 

In  Ciiapter  I  we  consider  (0.  5)  and  sxiow  it  is  of  desired  t)'pe.     Then 
utilizing  the  expansion  theorem  of  '^/^''right,   we  prove  that  any  solution  of 
(0.  b)  wnich  has  (m+1)  continuous  derivatives  with  its  (m+l)st  derivative  sat- 
isfying a  Holder  condition  with  Holder  exponent  t  and  m  +  e  >  0  decays  at 
least  as  fast  as  t      ''        '     .     This  result  was  obtained  independently  of  Halin'  s, 
our  estimate  for  decay  is  slightly  sharper  than  iiis,   we  obtain  decay  results 
for  tne  derivatives  of  u(t),  and  we  niake  clear  the  relationship  between 
smoothness  and  decay.     Then  we  give  an  example  showing  that  we  have  no 
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better  than  decay  as  some  power  of  t.     Then  we  give  an  example  of  a  dif- 
ferential-uifference  equation  all  of  whose  cnaracteristic  roots  s  satisfy 
^^''  (s)  <   J,  yet  there  is  a  solution  of  the  linear  hornogeneous  equation  which 
ic  unbounded  z.z   t  ->  +  co  . 

The  analog  of  V^right'  s  expansion  is  derived  for  the  inliomogeneous 
equation 

(C.  7)  u'(t  +  6)  -  u'(t)  +  au(t  +  5)    =     f(t) 

in  Chapter  II  and  the  applied  to  obtain  decay  results  for  tnis  case.     Vathout 
proof,   we  then  state  the  corresponding  decay  results  for  the  more  general 
equation 


(o.3)  2    [a  u^''\t  +  5)  +  b  u^^\t)j    =    f(t)  . 

i/=C      ^  ^ 


Specifically,   if  f(t)  decays  sufficiently  fast  and  is  sufficiently  smooth,   then 
u(t)  decays  at  least  as  fast  as  t  ^      '  ''    if  u(t)  has  m+n  continuous  deri- 

vatives initially  and  the  cnaracteristic  roots  of  (G.  4)  approach  the  imaginary 
axis  approximately  as  -|r|    "^  where  s    are  the  roots. 

Then  in  Chapter  III  we  discuss  the  nonlinear  equation  (0.  5).     Applying 
the  Cauchy-Feano  existence  theorem  for  ordinary  differential  equations  and 

the  results  of  Chapter  II,   we  find  that  if  m  is  an  integer  >  6,   g(t,  u,  v)  and 

2      2 
all  its  partial  deiivatives  up  to  order  m  are  continuous,   g(t,  u,  v)  =  J  (u  +v  ), 
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and  the  initial  data  is  sn-iall  and  has  at  least  m  +  l  continuous  derivatives 

all  of  which  ai  e  sufficiently  small,  then  we  have  the  solution  u(t)  decaying  at 

least  as  fast  as  t    ^   '  ". 

In  the  appendix  we  shov/  how  the  results  of  Caaptei"  III  enable  us  to 
prove  stability  for  the  wave  equation  with  a  certain  nonlinear  interface  con- 
dition.   V/e  wish  to  note  that  Hoheisel  [7j  pointed  out  hov;  Laplace'  s  equation 
vath  certain  boundary  conditions  can  lead  to  differential-difference  equations. 

I  wish  to  thank  now  Piofessor  Jurgen  X.  Moser  for  suggesting  the 
problem  and  giving  advice  and  encouragement  for  its  solution. 
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Chapter  I 

The  Homoft'eneous  Case 

It  will  be  the  primary  purpose  of  this  ciiapter  to  show  that  the  rate 
of  decay  oi'  solutions  of 

(1.  0.1)  u'  (t  +  5  )  -u'(t)  +  au(t  +  5)  =  C,   a  >   J,  5    >  0 

depends  upon  the  smootiiness  of  these  solutions. 

In  tne  fi.st  section  we  shall  prove  some  basic  lernmas,   among 

st 
them  the  distribution  of  s  such  that  e      is  a  solution  of  (1.  3. 1).     In  section 

two  v/e  shall  express  all  solutions  of  (1.  :.  1)  in  terms  of  initial  data  assigned 

on  0  <  t  <  6  and  the  aforementioned  exponentials.    Here  we  shall  delete 

niuch  of  the  proof  because  it  is  discussed  in  detail  for  (0. 1)  in  V^right  [14] 

and  again  in  detail  for  the  inhomogeneous  equation  (0.  7)  in  Chapter  II. 

Section  three  will  be  devoted  to  the  main  result  of  this  chapter,   a  solution 

which  has  an  (m  +  l)st  derivative  which  satisfies  a  Holder  condition  with 

exponent  e  decays  at  least  as  fast  as  t  ^~"^"^''  .    ^n  example  showing  that 

there  exists  a  solution  which  (has  m  +  1  continuous  derivatives  and)  decays 

at  best  as  t  (m  arbitrary  >  0)  constitutes  section  four.     Section 

five  uses  the  result  of  section  four  to  give  an  example  of  a  differential - 

st 
difference  equation  all  of  whose  solutions  of  the  form  e      have  the  property 

i^>jfV(s)  <  0,   yet  there  exists  a  bona  fide  solution  which  becomes  unbounded 

as  t  ■<■  +  CO  . 
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1.     Some  Basic  L.e:ri::~3.s 

We  wish  first  to  make  an  ele  -lentaiy  observation  regarding  (1.  0. 1). 
If  we  are  given  u(0)  and  u'  (t)  continuous  on  0  <  t  <  5  ,   then  there  exists  a 
unique  solution  of  (1.  0. 1)  for  all  t  >  0  and  u'  (t)  is  continuous,   except  possibly 
at  points  of  the  form  n6  ,   n  being  a  positive  integer.     This  can  be  simply 
seen  by  proceeding  interval  by  interval,   each  interval  of  length  6  ,   at  each 
step  solving  the  ordinary  differential  equation  resulting  from  treating  u'  (t), 
v/hich  is  'cnown,   as  the  inhomogeneous  term.     The  discontinuities  of  u'  (t) 
at  n6   can  be  rerr^edied  by  simply  requiring  continuity  at  5  .     To  avoid  this 
difficulty,   we  shall  fro.ii  now  on  understand  continuity  on  the  initial  inter^^al 
to  include  continuity  from  the  right  at  the  right  endpoint. 

Now  we  shall  formulate  this  remark  for  higher  order  derivatives  as 
Lemrna  1. 1. 1.     It  too  follows  by  the  interval  by  interval  procedure. 

LEMr.'IA  1. 1. 1.     If  for  (1.  0. 1),   u(t)  is  given  on  0  £  t  <  5  such  that 
u  '        (t)  satisfies  a  Holder  condition  v/ith  exponent  e  there,   then  there  exists 

a  unique  solution  u(t)  for  all  t  >  0,   u(t)  has  m  +  1  continuous  derivatives  for 

st 
allt>0,   and  the  (m  +  1) — derivative  satisiies  a  Holder  concation  with  expo- 
nent e  on  any  finite  interval. 

Next  we  shall  state  a  lemma  which  will  permit  us  to  use  the  Laplace 
transform  which  is  needed  to  derive  the  expansion  tlieorem  in  Section  two. 
V/e  omit  the  proof  for  it  can  be  founa  in  Wright  [13]. 

LEI/ir-.A  1. 1.  2,     If  for  (1.  0. 1)  v^e  are  given  u'  (t)  is  continuous  on 


0  <  t  <  6 ,  then  |  u(t)  | ,  |  u'  (t)  |<  C,  exp  (C  t). 

—     —         —     1  2 
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DEFirilTICII  1. 1.  i.     Suppose  e^^  is  a  solution  of  (1.  o.  1).     Then  s 


satisfies 


/I    1    i\  /    \  "5  3  ,5s, 

(1. 1.  1)  T  (s)  =  se        -  s  +  aa        =  o. 


(1. 1. 1)  is  called  the  characteristic  equation  of  (1.  .'.  1). 

In  the  next  three  lemmas  we  shall  be  concerned  with  the  distribution 
of  roots  of  (1. 1. 1). 

LE:..:r/:A  1. 1.  3.     /_n  roots  s  of  (1. 1. 1)  have  /iMs)  <   J. 

5  s 
Proof:    Transposing  s  ana  dividing  by  se       in  (1. 1. 1)  yielos 


(1.1.2)  e"^^    =    1  +  - 


Now,   ne^  (s)  ^  3  implies  |  e        I  £  1  •     This  in  turn  implies 

(  <lfor  s  f  — r —  ,   n  integer 

(i.l.  3)  (e'*^)S 

I     ,.  27rni 

I  =lfor  s  =  — 7 —  ,   n  mteger  . 

Also,   we  know  that  if  nJo{s)  >  J,  then 

i  >  1  for  s  /=  \  i 

(1.1.4)  /■i/(l+-)    =    l  +  a/^(-^,)A 

^  |s|"    [^=lfor  s  =Xi  ^0  . 

Combining  (1.  i.  2),   (1. 1.  3),  and  (1. 1.  i),  we  obtain  that  tne  only  possible 
solutions  of  (1.1. 1)  such  that  fie.f(s)  >  0  are  s  =  :^Lll  _     Substitution  of 


t    IC:    .'.-■ 


JL-. 


r.  0 


;.r,  +  -  -  ■     f a  t.  (•.) 


(1.{.I) 


,;j.  J  .1)  io  •:, 
.     >  •:;i  •  '■   wsil  {[  .1  i)  '.'X'  2  -^jcc^  ;i  \    .'6  ■-:  .■.  ■-  "(  -lii.^' 


f;r'i4^';\.  (I.i.l)  r,c    '   ';-,.:;  V  :f  ;--;i-ioiv. '       /iii   -I  f,r 'ho-:-;/v^ 


tO'.  '1 


-  M 


iT 


'  -1  \    1  *l^ 
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2:r  ni    ^ 

— g—    for  s  in  (1. 1. 1)  yields    a    =    3,   but    a    jt    3  . 

LEMT./LA  1. 1.  '.     (1. 1. 1)  has  no  multiple  roots. 
Proof:    Let 


(1.1.0) 


5  s    =    p,    5  a    =    b 


Then  (1. 1. 1)  becoaies 

(1.1.  c)  pe^  -  p  +  liQ^ 


—    \j 


For  a  multiple  root,   we  differentiate  and  obtain   pe^  +  a^  -  1  +  be^    =    0. 
Elimination  01  e^  yields    p''  +  bp  -  b    =    :  .     This  has  exactly  two  solu- 
tions,  both  of  which  can  be  shown  not  to  be  solutions  of  (1. 1.  F.)  . 

LEi^/U,A  1. 1.  5.    For  every  sufficiently  larg.e  (positive  or  neg- 
ative) integer  r,   there  exists  a  unique  solution  s     oi  (1. 1. 1)  such  that 

—     — — — —    r  —  

<i-i-'o  l/S>/(s )+  -^^  I  <  !i 

r  ^22,'—        4 

Stt    V   5  r 


and 


r        5  27rr    '  -      3 

r 


Furthermore,   all  sufficiently  large  (m  absolute  value)  solutions  of 
(1- 1-  i)  satisfy  these  relationsnips  for  some  r. 


A^    J;;c; 


..?,iao''.  ^'.  ^^,i.i.i..j.  ■■'  CO 


.;  ..1 


G  C. 


•  "1 


is^,     :v(;0'f^J 


>sc  <i .; 


■:\c-:  e-JCiii'.-v:  B  -.'. 


([  1- 


0     ,. 


pc>  ;>J  lofi  £!is;v-'..'.R  i;!.!  r^-oo  f^o/;-V.■ 


anc- 


,  :>  .X  .J.    ;  '^ 
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(See  Figure  1  belov/  .  ) 


s    ^    . 

27r(r+l) 
6 

s     . 

r 

27rr 
■      6 

\-r 

.7r(r-l) 

• 

5 

■ 

27r{-r+l) 

-r+i 

6 
27r(-r) 

s 
-r 

5 
27r(-r-l) 

^-r-r 

6 

jTigure  1  . 


_  o  be 

Proof:    oy  elementary  algebra,   (1.1.  o)  becomes    e^    =1  — ;; 


Taking  logarithms,  we  obtain 


(1.1.9) 


be^                        b-P 
p    =    logd )    =    27r  ri + 


I  I       I  be      I 

Thus,      o  -  27r  ri    <      +  .  .  .  .   < 

'*  '  —  '     p      '                 — 

Hence, 


^u 


for  IpI  suliiciently  large. 


(1. 1. 10) 


|p-27rri|  <    ^ 


llote  that  (1. 1.  9)  is  valid  ior  all  r.     Consider  large  r  and  let 


us  look  for  a    p    corresponding  to    r  .     By  convention,   in  (1. 1.  9), 

,    P 

^t'5//7  (logd ^^—))    =    27rr  +  X   ,   waere  JX  |  <    7i  ,     Nov/,   p    is  suffi- 

P  ~ 

cientiy  large  to  apply  tae  result  of  tiie  preceding  paragrapn. 


ri  ie^ 


,-.'.:>\ 


^  -y 


—  I 


■.  •  .?  -■. 


: '  ',v 


.'■i     '.r-r.  6 


;-,  a^ 


1):-:I 


'J  '.« 


!   >  i.i-iTv. 
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Let 


(1.1.11)  p    =    d  +  (27rr  +  eU 


in  (1. 1.  3).     This  yields 


[d  +  (27rr  +  s)il[e"'(cos  £  +  i  sin  e)  -  1,  +  be  (cos  e  +  i  sin  e)      =    ? 


Breaking  this  up  into  real  and  imaginary  parts,   we  get 


(1. 1. 12)  de    cos  £  -  d  -  {2iT  r  +  e)e  '  sin  e  +  be     cos  e    =    0  , 


(1. 1. 13)  de     sin  c  +  (27r  r  +  c)(e     cos  c  -  1)  +  be     sin  s    =    j 


Elimination  of  27r  r  +  e  from  (1. 1. 12)  and  (1. 1. 13)  yields 


(1. 1. 1  i)  b(e     -  cos  e)    =    d    (2cos  s  -  e     -  e     ) 


In  (1. 1. 14)  we  expand  all  terms  in  their  IV'IcLaurin  expansion  and  obtain 

e'''  2  -"  2  2 

d  +  -r-    =    0(d  )  +  C(e   )  +  :(de   )  .     Tnus,   d    =    :(e   ).     Consequently, 

d  +  —  =    v.(e   )  .     Substitution  of  this  in  (1.1.13)  and  expansion  yields 

^2 
27r  r(d  -  ^    +  0(£   ) )  +  be    =    Ae   )  .     Together  wita  (1. 1. 10),   these 

facts  imply 


Ill 


l\- 


■.^i.) 


■J  nr- 


3O0)- 


+ 


;!-. 


r^: 


■ui 


,:.ft  I 


Gf> 


l.,ki 


;J   ,.f 


>vl    ^■ 


i-il) 


(;;j,  J 


ioo 


ri) 


Jij 


1". 


(1.1.  lo)  27rr(d  -  ^)  +  b£     =     J(-^)    . 


(i.l.lc)  27rr(c.  +  ^)  =    0(4t) 

r 


llien,   '^j  simple  algebraic  rnaaipulatJons,   we  obtain 


2 
(i.1.1:)  ci    =    -^^    +    3(-V) 

8^    r  r 


ana 

(1.1.  IJ)  c     =    r^    +    .•.(-\) 

alt  C  o 

r 


Combined  w:tli  (1. 1.  5)  and  (i.  1.11),   these  are  (1. 1.  7)  ana  (1. 1.  3)  . 

Suppose  that  corresponding  to  a  given  large  r.  there  exist  s 

and  S     solutions  of  (1. 1. 1)  satisf  ing  (1.1.  7)  and  (1. 1.  3)  .     Let   s  =  x  +  iy, 
r 

t(s)  =  a  +  iv  .     Tnen,    sou-.eplace  along  the  line  coru-iecting  s  ^  and  Z  ^, 

tne  directional  derivative  of  u  alont  this  line  (u     cos  a  +  u     sin  a) 

'^  X  y 

equals  zero  by  ...olle'  s  theorem  and  similarly,   sor.^eplace  along  this 
line,   the  directional  derivative  of  v  along  tnis  line  (v    cos  a-  +  v    sin  a) 

'•^  J 

equals  zero.     Eutx^/^  (t'  (s)  )(=  -  u     =  v  )  behaves  like  r  in  the  vicinity 

/         X 
/I 
of  s    ano.  S    v/hile  JV2-   (t'  (s)  )(=  u    =  "  )  is  bounc  ed  in  this  neignbor- 
r  r  :c        y  " 

iiooa,  independently  of  r. 

The  next  two  lemmas  will  provide  us  with  estii-atas  of  expo- 
nential sa/ns  Wxiich  we  shall  use  in  Sections  3  of  tnis  cnapter  ano 
Cnapter  II  to  obtain  decay  as  t  -»  +';^  and  in  Section   '.  of  this  chapter 


( ....\ 


bn'f  -K^: 


(..X.i.!) 


r 


V  — -    f    0,  i  Vi, 


cx.i.i) 


.■xi::;-':c    ..^v    ,riach-JlJ'r.a:.'j.  .  oiii  „'?-i;:=  :rlj ':/u 


■  "dl 


■■' } 


(a.f.n 


.i)  •■;-.3  ("  .i  .1)  9  .js  ^.cicivi    ,(il.l ->)  :;»:,^  .^  -i  .i;  ^:!;•^-  .^;^ 

;.:ca    j;s,:iT     .  vi  +  •■ 


to  give  an  example  oi'  a  solution  oi  (1.  Z.  1)  o.eca/iiig  at  most  as  some 
power  of  t. 

LEi-a-.-A  1.1.  :.     For    t  >  6,    r  >  >  ,    c  >  C,  tftere  exist 
C  (Q,  e)  >   J.   C,(C,  -)  >   :  such  laat 

0  C  ' 


(1.1.19)  Ct-^/2    <     T.       "^^^^-^/"'^        <    Ct"^/^ 

r=l  r 


Prooi:    i_.ec    f(t,  x)    =    ■ — r— j; 

X 

3y  differentiating,  v/e  fino.that    f  (t,  x)    =    J    iiTiplies    x    =  — ^^ 

2       2'^t 
Also,     f(t,  x)    is  monotonic  increasing  in  x  for    x    <  —z    ^'^'^'  ^ 

tonic  decreasing  in  x  for    x    >    —-—      .     Consequently, 


"iono- 


V 

J 


3Xp(-(?t/x^)  ^  ..      3Xp(-Ct/x     ) 

1+e  ^  ^      ^  l+£  -   2         2Ct 

V  V  ^r  —  I.      ■       ■ 


1  +  e 


(1.1.20)         >      1       ^^P^-^l/f   ) 
r=l  r 


r        exp(-7.t/x^)  _  re:rp(-Ct/: 

-     J  ivC  "^        ^  l+£ 


X        )  T 


'     2         2Qt 

X  X  X        =     r-— 


Now, 

^     "1+e 


(1  .:  .1)  \^  i  .::J!';-:-3  ii.  iC.  elc'. .r;:.;~  r.' 


.J  i';;  '..sv/cq 


i;-;::  s'ieuj    . 


T.  .1.  '.'i.. . 


-),'C    .. 


<  (- 


\3- 


X~i  j\i ""  *  '^iJ^ 


>    "^^"^ 


--    {:-J)i 


.  j.-»  >      i    y. 


'<S      ' '•;--- I 


H-.l 


..:':3j.Vi;s;'lCJi< 


'cn:c;v,i 


t":: 


> 


51  y.  n.i.  :^r;iese'i:cai  oir:cJT!;r 


••■:,•■>  r   ii 


(x  .:tn 


"CO  :  X  Ti  ':  r.xs.;?a'::vi:!j 


—  -  j  T  .-a: 


(";i 


^    . .-  ^       ^ 


t 


1.J 


Next  we  evaluate  the  integral.     1^5t    y    =      ''  '^'•''     .     Tiien 


(1.1. ,2)  J     ^^p(<-l/y^  )     ^  =  0.(0. c>t-^/^ 


X 


Thus,   for    t  >  C  (Q,  e),   we  are  done.     For    C^  >  t  >  5  ,  the  result  is 
oovious  . 

DEFINITION  1. 1.  2.    Z     is  to  c  3xiote  the  suiXi  over  all  roots  of 

s 
r 

(1. 1. 1),   the  surxiiTiation  being  performed  in  order  of  ascending  absolute 
value  of  tiie  roots.     '^^  e  use  this  notation  for  simplicity,    even  though 
the  first  few  roots  may  not  correspond  to  some  r.   because  tne  first 
fev/  roots  are  finitely  manj^    simple,   and  have  negative  real  pai-t  and 
hence  can  be  ignox  ed  in  all  our  calculations. 

LEi'i.lA  1.1.  7,     Fo:~    t  >  1  , 


exp(s  t) 


Proof: 


exp(3  t)  exp(s  t) 


s^,      T'^sJ  s^     e:L0(5r._^)-l+6s^ 


/  exp(e  t) 
J>.,(s  )>q\.^-P(^s^)-1  +  6s^ 


exp(s  t) 


XpVE    I)  \ 

xp(5  s   )-l  +  5  ',     J   ' 


,  Ifi 


J  ci':-i' 


:.'^;    - 


\,-.-.r. 


■(■us. 


i) 


iJ  ;.v/    ^U  i--.'j/- 


I     i^iiJi 


li'?    -.■•::  ■•!... 


J  u- 


;.rii3  J'Ti-i    1k;':i  i?' 


<  + 


c^.i..: 


<    C    (a,  o)[l+|  Z  3^-r-5 

r=l 


(by  Lemmas  1. 1.  3  and  1. 1.  j  and  some  elementary  algebra) 


.    r,2Tr  r  ,    a     .^- 
1         ,  sm[(^-+7T— ,)ti 


<    C..(a.  o)l1+       r  -+  r  ^ ^^ ] 

.-at   ,2  ^,at  ,2 

r<(— )  ^><^T^ 


,                                 smf         ) 
<    C.Ja,5)[log(2  +  Sl)+  I         r 

-       ^^  ■'^'^  ^.at.2 


<     C-.(a,6)log(2+|^)    . 


2.     Solution  in  Terms  of  Initial  -ata 

THECREI :  1.  2. 1.     If  u'  (t)  is  continuous  for  C  <  t  <  6  ,   then  the 
solution  01  (1.  0. 1)  for  t  >   6  is 


(1.  2.  1)  u(t)  =  ?.       ^i^/)  [  ^^^^  +     J    U'  (X)3XP(-S^X)0X^  . 


Proof:    Gee  ''""right  [1  -.  • 

THECx'tEi::  1.  2.  2.     If  u  ^"""^^t)  is  continuous  for    -  <  t  <  5  ,   then 
the  solutioa  of  (1.  o.  1)  f  jr    t  >  5    is 


i_ 


tB'vCisr!^  V  •i,Eir:c>;r.'e 'i)  e.v>oc;  ;;r;t,  .  .i  .1  bar.  o  J  J  t:C-.;--:r.J  ',<.') 


i.'IT; 


-^  1:(  ^^  .&).;c.  > 


•  f25^.-'... 


■''■■  ~r.' 


(■£-)' 


;   f-:^4-,:::),ici(  A.r)  ;:    > 


{:>) 'jj  ^t      .I.?.l 


(.•^  •.  -^  .-r-  - 
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exp(s  t)  (ii"')/r  X  ,        r      I    ^^\ 

(1.  ^.  Z)  U(t)      =     Jl      r-7 r-    [ —r—     +  \      U  (x)eXp(-S  x)cb^. 

t'  (s   )  . --+1  m    J  '^      r 

£  r  s  s  „ 

r  r  r         C 


Proof:    By  integration  by  parts, 
6 


\      li'  (x)exp(-s  x)6x 


u'  (5  )exp{-6  s   >  ,  ,,. 
r        ^  u'  (  •) 


s 
r 


1       C 
+  —  u"(x)exD(-s  x)dx 

\.    J  -        r 


By  (1.  :>.!)  and  (1. 1. 1).     -a' (5  )exp(-5  s.,)+u' ( ,)-au(5  )   =      ^BE!iii_. 

exp(s  -t'     _     I  /5 )       1       r- 

Thus,     u(t)  =  I    — — r- , + —    \    u"(x)sxp(-s  x)dxj  .     Etcetera 

t'  (s   )  A  s      J  ^       r 

s  1-  s  r 

r  r  o 


K^   •  k^A 


!]ruOothn8ss  aaid  Eecay 

TrlEGItEi :!  1.  3. 1.     If  u  '""      (t)  is  coniinuous  for  -'  £  t  <  5  , 
u  ^        (t)  satisfies  a  Kolaer  condition  with  exi'^onent  e  and  constant  C.  . 
for  ;  £  t  <  6  ,   anci  m  +  c  >    '^  ,  then  the  solution  of  (1.  - .  1)  satisfies  the 
inequality 

(1.3.1)  |u(t)|    <    C,   (a,6,m+s)  [max      [u^^^x) !  +  C.  ,  jt^""^^'^^/ ^ 

^"  :<x<5  ^' 

:<i/<in+i 

for  t  >   6    . 

Farther.' .ore,   for    i  <   ni  +  s, 

(1.3.2)  iu^^Vt)i<C,    (a.  .o.rr-+£)L  max      |  a^''^(x)l  +  C,    ^t^-'"-^+iV2 

^^  .<x<6  ^ 

o<i/<m  +  l 
foi  t  >   6  . 


.!:•■- {.^  3-),t::3(-  ) 


J-rCs/ 


r      !Au 


{-■' 


.:■]■. -.1    ,.:;   ..■.:l}r:;^ 


^J,^^ 


\     J  :>-  K.i^^A  ■■-  I     0' 


;  :•.  V ::    ^  ■■ 


>  ..>,_,'■-,.  \  I 


t  c)i  «-■.;'>. -ft    -  ^ -;r-.::U.; ':-      ,ii   j  ..i;  ;.,:,:s  >1 


-    '  f  !  '■ 


-■. ..  ■  i  :> ..-  J  V  -i 


=^  ( ,>i.r     ,^i^,C 


-**f  -V      *^r     •\  r  1^ 


ii  +  •:.■.;    "..G     I  u 
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Also,   if    e  =  0, 

(1.  3.  :)  |u^'""V)  i  <  C    (a,6  .  m)  [     n.ax         |  u^^'^x)  |    103(2  +  |^  ) 

u<x<6  "" 

:<i/<:Ti  +  l 

foi  t  >  6   . 

Pi'oof:    I'xie  noii-inte^i-al  teir.-  in  (1,  2.  k)  is 

..0      C     (a,5  ) 
<    r.        ^\^  [    I'uax         !  1/   ^x)!  :exp(-Ct/r"). 

r=l       r'-^    ^       D<x<6 

0<!/<m  +  l 

By  Titciiniarsh  [11.  page  1:26, 

/     ,, \  -1,  (a,  5  )C,  , 

u  {x)exp(-s  x)o.x    <    

r 
'0     C,  ^(a,5  )C,  r. 

Thus,   iategral  fcex^Ti  in  (1.  2.  2)  is      <    ::      -^ ; — —     exp(-Ct/r'^)  . 

—       ,  rri+l+£  ^      '  ' 

r=l         r 

Hence,  (1.  3. 1)  foliov/c  fro.'xT  LeiTiu.ia  1. 1.  o. 

DifiSx^antiate  (1.  2.  2)  ano.  repeat  above  process  to  obtain  (1.  3.  2). 
Next  v/e  derive  (1.  3.  ':■). 

(rn),  .  I       I  ^              :c  -au       (5  )         •       (m+D-   ,        ,          ,,    . 

a       (t)     =      r    — — — r-  ^  +•  a  (x)exiD(-s  x)cx. 

t' (s   )  s                   /                          '        r 

s                i  r 


(by  cine,  entiating  (1.  2.  2)) 


e3Cij(s  t)au       (5  )  exp;s  (t-x).u  (x) 


T'(0    )3  ..  T'(S    ) 

r     r  ^  s  r 

J     i 


ox 


{oy  tne  ^ebesgue  I/or;unatea  Convergence  Taeorein) 


',  .^i'^^  ,' 


XS^::v      :  (r-i  ^  J^jg) 


ii- 


'i  ■  •■  ..;  A)  (/i.    T'i£  '  Lij  r-sj/;f-f.rrj  9'  r    ;loc  .  '^ 


■)cs:^^:iU) 


■  \i-..^-^'''^- 


u.<t:    . 


::;s  U 


,"/i     S:_.;^y    lij  i.;i';;.! 


|. .•.-«-■ 


•}qxt' 


Jri-.-.^ 


'   ■.V.:^-/q-i 


cii  (a  .i  .1)  I.,   ci'i.'ii  i^:S,':irJ 


(.  Ci  a'..:;lol  \i  J.  .i)  .soa 


:q  £'.  ■::!.^  J-'  CjS'i  onj;  {>.  .V  A)  sJi^-.i-riCiC^i] 


.( 


.c  .  'V  ?".v'VvO  iv^  jri  :■ ! 
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<    C^g(a.6)u<^'^\5)t"^/2+  j    C^^(a,5)iog(2  +  g)|u^^^"'^\x)!dx 


(by  Lemmas  1. 1.  G  and  1. 1.  7) 


<    C,    (a,6,m)[max  \u^\x)\  .lo^(2  +  ^) 


<x<6 

-<  !y<ni+l 

V'q  have  just  shown  that  sufficiently  smooth  solutions  of  (1.  C.  1) 
decay  at  leact  as  fast  as  some  uegaUv/^e  power  ol  t.     It  is  also  true  that 
no  solution  of  (1.  ■>.  1),   except    u  =  j,   can  decay  as  fast  as 

3. 

exp(-|.T-  +  i/L)  as  t  ->  +  CO  .     This  result  conies  from  applyin:^"  a  result 
due  to  Wright  [13 j  to  our  equation. 

^.     Smoothness  and  Decay  Continued 

Tneorem  1.  3.1  informs  us  that  if  u  ^^^      (t)(m  >   0)  is  continuous 

on  I;  <  t  <  6   ,   then  the  solution  u(t)  of  (1.  ..  1)  decays  at  least  as  fast  as 

~m  /  2 
t    " '  '    .    In  tnis  section  we  shall  veer  in  the  opposite  direction  and 

obtain 

THECF El  "  1.  -.1.     Tnere  exists  a  solution  u(t)  of  (1.  " .  1)  such 

that  u  (t)  is  continuous  on  0  <  t  <  5  ,   yet  a(t)  decays  no  faster  t  lan 

.(-m-l-iu)/2  ,     ^    , 

t  w.ie-'3  ,a  can  oc  c-iosen  arjurai.il/  >   j. 

P.^oof:    Let 


'A(^i^.■^nicii^..y^p  . 


.1  :jr.£.  •:  . '  .i 


ft>X> 


rf.-..i  >  M  >  . 


JIt;Ef"'  & 


if     JC'S'iX';;     ,xi  .  -    .1)   io   1  ■ 


(i.  _.  1)  a    =    iTT  '^  ,    5   =  1 


and  let 


(1.  i.  2)  ait)    =    -    8"'^^"^"^^'^'^\exp(s     t)  +  exp(s     t) 

q=l  /^  8'^ 


Q  "CI 

oince  by  jl^emraa  1.  Los       =2,7:  8  i  +  Z{^     ),   the  process  of 

j 
iormally  aii'ierentiating  (1.  ■^.  2)  terra  cy  term  p  times  (p  <  m+l)    yields 

a  uniformly  convergent  series.     Kence,   u(t)  nas  m+l  continuous  deri- 
vatives on    ^  £  t  <  5     anu  is  a  solution  of  (1.  J.  1)  for    t  >  J  .     Thus,   all 
we  need  demonstrate  is 

LEIv-iv^A  1.  i.  1.     Un-er  t.ie  assur.'.ption  (1.    .1),    Liere  exists  a 
sequence  of  points  -ft    ^  ~  ^  such  tiiat 

-■■Vl-I-M 

(1.  X.  3)  u(t.  )>  C^  t,         ^ 

where    u(t)    is  cielined  oy  (1.  ..2). 

Proof  (of  Lemn-xa  1.  '.  1):    Break  (1.  1.  S)  up  into 


u(t)    =    Z  ,,.  3"^-^'"^^'^\^eKp(s     t)+exp(s     t)] 

d'^<  2a+c  n^^"  3^-  3^ 

(1.  :.  :) 

+  2  wo  3''*^'^'''^"''''\exp(s     tHexp(s     t)] 

:^>  2(1+C   )t  '  3^  8^ 


i  =    «. 


(1.  .i) 


ioi  ■.!.. 


.}<.::^ 


(i      :.U;x-;>. 


[■::':  i"^!':.' 


\l-.. 


(j),J  (^.:.^ 


iO 


■.  .'       -r   i    b 


.1  t  '.'.;..  s...    ,  V.  .y  ./li. 


:r'te»:i- 


A.;    -u.i.1£i:;^.'^•■i5i.^.!.: 


'.,i;uAC.iiXii-. 


jiij; 


:,i':jlc'i'  ^  ax  i.'/.'5 


i'.C    BS 


•Ji?  i.  1   'i-.r;  ?.J 


;n  s^ 


•'1  I  ■! 


3  if>   ..I   -iS-n'? 


,  i"    '\ 


/  ,1         
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This  breakup  is  rr.otivated  by  the  fact  that  in  tne  foi-raer  expression  on 

tlie  right  side  of  (1.  :.  J  all  the  exponentials  have  exponents  whose  real 

1/3 
parts  are  bounded  by    -t  '       by  virtue  of  (1. 1.  7)  and  hence  we  nave  ex- 
ponential decay  lor  tnis  terra  which  we  can  thus  ignore,   leaving  only 
the  latter  expression.     Having  tnus  eliminated  the  first  few  terms  which 
oscillate  between  +  and  -  ,   we  aim  for  a  lower  esti:'.?ate  as  in  Lemma 
1. 1.  S. 

Let  us  nov/  consider  formally  tnis  latter  expression. 


r  /„  ^"^^^"^''^'■'^iexpis     t)+e:cp(s     t) 

3">2(1+C  r''                                      8^^                J^ 

(l.Lo)       =     1  1/.  2-  6"^^"^"^^"^'"^ex?{/r/^  LS  ^  t)cos(e^>'^Ls  ^,t) 

3^^  >  2(1+C  )t^/ ''                                                     3"^                         i^ 


2 
-3'^>2(1+C   )t^/2  S'""'  '       ' 


(oy  c/ioosing   t  =  o'    and  t  sufficiently  large  so  taat  q  is  sufficiently  large 

q 

SO  t.iat  (1. 1.  7)  and  (1. 1.  3)  yield  a  good  appx'Oxim.ation  for  s    wnere    r  =  3   ; 

r 

\V3  also  ass    5   =  1    to   — j —    in  tne  cosine  expression,   we  use    a  =    ■n 

n  at 

and  the  fact  we  are  summing  over    r  =  3      to  ignore    - —    for    r  <  t    and 

obtain <    —    for  r  >  i,     and  we  use    3    >  2(1+C   )t  '  "    to  estin'.ate  the 

^TT  r  —     .  — 

error  term  by    -7) 


fiC  r>:  iQosii 


::■■!  :j  ijs>.  •■  ■:.■'!  e::,i-  \  c  o:i.i,G-!'ih:-.:^  ai  rt-r'ss-YcJ  siriT 


.S.--'.'i,.'C  >J   ^  iij   c-;J'i.£v.' 


'. .  ..(  '.i 


.■i'>i':ie?  !.■.':<'%    ijfi::'.;!  ■'m-.::  \  i !,«.:,  ..oi  •(.e    /;?:'.k'C 


.;■  Mj.- 


-:)::-:£;+',;      .;)  — s 


;,"!'  '.'!'    ..      I 


JH; 


<f 


-  r 


i;.-rl 


v.;    .-■.,., ^ 


-        (..     J.) 


::A-H.+;.;}f 


-  \ 


^■■.i(  :>H)^; 
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2 
?^       2-  3     '  8xp( — r )cos(-  +  -) 

q=l  6    ■  ■ 

2 
S  ,.      2'  J    -  exo( — ;: — )cos{-  +-:) 


Using  tiie  technique  used  in  px^oving  i^enxxna.  1. 1.  C  and  choosing 
t  sufliciently  large  wa  obtain 

(1.4.5)  Z      2.  J-^<^"-*-^^^W(^4-^)cos(^  +-i)>  C„t^-^-^-''^/^ 

0=1  3^"^  '       o     -     21 

Now,   we  bounc  the  term  at  the  extreme  rignt  of  (1.  ..  o). 


2 

Z  ,        2-<J    ^  exp( — r— )cos(-+-) 

a°'<  2(1+C,)t^/^  d^''' 

00  2 

(1.  ^.  ()       <         ^       2*  8    "  exp( : /     ;- — )cos(-  +  — ) 

"       q=l  [2(1+C^)t^/''/  ^        ' 

C         3Xp( |r)   . 

"■^  (1+C    )'' 


Uinally,  we  shall  estimate  tne  first  tervvi  on  the  right  side  of 
(1.  •.  ^0    . 


I  3"^^'--'^^-\exi>{s     lHexp(s     t)J 

<         1  ,,.     2.i-^<^''^-'^*-^)exp(/&^[s^.t) 

o^<   2(1+C   )t^^  J^ 


..(.L._...^, 


'■.nh-   ). 


(" 


.•  / . 


.-■-i-i-.  ;•>■ 


IT  !.j  ;^!■■  eoL ii.i''..y>  ;^r.j  ,.,'  : 


•a!/ 


fij.5ji.o  t:v;'  ;:,', "B.t  V  jf.i'-icr 


(f.rn+^   )::• 


J.) 


.j,«  a   ji.>t, 


-.^.:.j^:o  ;i,-i..i-  rj:5  •xi'^sjt  :.i.'  ';::•■.  •:.  ;  ,t   ,\vv!. 


(r+  ^)Koo(^- 


)^:;. 


■■•-  r 


^^^{     -v:!)-;    >■ 


.-.^•I)^- 
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<      /-      2-0     •  exp( TTT-r) 


2  1/3 


CoiTibining  (1. -i.  ;),   (1.  :.  j),   (1.  ■:.  c),   (!.■.'/),   aiid  (1.    .  i),   v/e 
obtain  our  ler-ir^ia. 

0.     Charactsi-istic  x-.oots  with  ITegative  ^  eal  I- arts  and  Unbouncieclnesa 
Employing  (i.  -•.  1),   x-ewrits  (1.  -.1)  as 


(1.  o.  1)  L(u)  =  u'  (L-ri)  -  j'  (t)  +      TT  "^  u(t+l)    =    :    . 


Consicisr  the  function 


(1.  o.  2)  w(t)    =    t^     r    i"^^'^'^"  [exp(s     t)  +  exp(s     t)j 

q=l  3^  3^ 


where    |  >  .u  >   Z  .     w(t)  is  three  tiiues  continuously  differentiable. 
w(t>  is  thus  a  bona  fide  solution  of 

(1. 5.  3)  .:^''(w)    =    lA'UUw)))    =    3    . 

Since  tae  oliracteristic  roots  of  (1.  v..  1)  all  have  negative  real  parts,  so 
do  the  characteristic  roots  ol  (1.  •^.  3).  But  accoroing  to  Lemma  1.  v.l, 
there  exists  a  sequence  of  points  -jt.  )-»'j    such  that 


t  .    -i. 


■}<■  '-y^ 


4-:^-;:i)r.. 


•  Jsi*  t,jC- :■:/ A      ajJVjJ    -*.  i 


iDJ: 


:asfiO'?!-firfC(iiiiJ  Dne  8j-./.s-.  i.;53  ..  evp.ftn':':  ■  \ix';/  s'-  o  ^  :.-.j3'"i'  i:..Ci.o/..^-'     -c 


^s  (1..  J)  sJ-.'::W9'x    iLl..  .'.)  ,-nr,r  ic./.cJ 


+  /  > ";  - ; 
\  t   J 


U.i- 


'>i,  .ut?r^>.:i  s.  .y 


=      ii)":  (-;.- 


>'Uj>.^c,,.r'/^  =  a3'J'-^'"^ 


L\.  ClU  -I. 


v/hicn  -><:j  as  t,   -*c^    . 


..t) 


:i  2B 


l!Ofn'^ 


2J 


:;hapter  II 


The  Iniiomogeneous  Case 


To  ti  aat  the  inliornogeneoas  equation 


(2.C.1)  u'(t+6  )  -  u' (t)  +  au(t+5  )    =    r(t),   a>    ".,5>  G 

witli  initial  t  ata  given  on    3  <  t  <  6  ,   one  is  tei-npteo  to  break  this  up  into 
tne  homogeneous  oroble/.i  witn  the  given  initial  data  ano.  the  inhornogeneous 
one  witn  zero  initial  data.     This  is  not  tne  proper  procedure  to  follov/  be- 
cause in  so  aoing  we  are  leo  to  two  problems  eacn  of  which  rnay  have  less 
s:cnoothne£s  taan  the  original  proDlern.  v/nicn  in  turn  will  mean  that  we  will 
get  slov/er  decay  than  is  true  x'or  the  origiiial  problem.     However,   follow- 
ing a  rAiethod  analogous  to  tiiat  useu  by  "right  [l-j  in  the  treatment  of  the 
homogeneous  case,   we  are  led  to  two  terms  in  the  expression  of  the  so- 
lution,  one  representing  the  initial  data  and  the  other  the  inlioinogeneous 
term.    The  advantage  of  this  procedure  over  the  one  previously  outlined 
is  that  boundary  terms  wnicn  would  arise  frorr.  tne  two  separate  problems 
when  we  integrate  by  parts  and  retard  decay  cancel  each  other  out  wnen 
the  problem  is  considered  as  one.    This  constitutes  Section  tv/o.     Sec- 
tion three  will  then  contain  the  main  result  of  this  chapter,  the  relation 
between  smootiiness  ano  decay.    Section  one  will  just  contain  sOiTie  ele- 
iiientary  lemmas  v/hich  will  permit  us  to  proceed. 

■'"e  snail  generalize  the  result  of  Section  tnree  to 

(2.;.  2)  T    iay^\i+5  )  +  b^J^\i)     =    f(t) 

i/=0 


II     l^::v  (..-'' 


r  f 


r-C  J.  I'GU':.   'M..,,  --'j-i^/  ;  ■"    •■  •;.  ■.  J    ^:;:i 


«      .!")•■ 


ciiif  ^;.  r^M;-;    'K 


■  rJO  v/oIiCi  *!;  J  u 


i-.  .  Li  i.  . 


£:  i:,o    ,  ^  >  ,t  > 


.;  lisi:?'?/;;  •isvi'-   :  -.:;  r.^i:^v 


f  .J 


•ni^ 


:.!  'J  . 


:-K-;i:.. - 


■J    k  ■■  i^'V 


:'.  SiiJ 


.j!v/  sr.u 


r;.t5    ;^      ,  t  . 


C:    .  ' 


t       ..-I 


'■,  ._    Ti  I.   '".  c/L'B'j 


lj';/  r-  ':-.n 


'•■■  I: 


-S-,.->~,  -.;. 


\.v;^r/    £ 


'  (. 


,.--.',.i.  v^-.i 
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where  all  the  characteristic  roots  lie  to  the  left  of  the  imaginary  axis, 
but  are  asymptotic  thereto,   in  Section  foux-.     In  particular,   if  the  solu- 
tion   u(t)    is  rn  +  n    times  continuously  differ entiable  and    f(t)    and  a  suf- 
ficient numoer  of  its  derivatives  decay  sufi'iciently  last,   then    u(t)    de- 
cays at  least  as  last  as    t     ""  ^       '       where  the  characteristic  roots 

11-9 

s      nave  tneir  real  parts  approacximg  tne  imaginary  a::is  as    -|r| 

Tiie  proof  will  be  omitted;  we  shall  merely  indicate  the  method. 


1.     S:dstence  ano.  Uniqueness 

ijemma  2. 1. 1  will  give  us  the  basic  existe  ice,  uniqueness, 
and  smoothness  tneorem  foi-  (i;.  0. 1). 

LEiil':-A  2.1.1.     li  for  (2.0. 1)  we  are  sivsn  that    i(t)    nas    m 
continuous  oerivatives  for    t>C    aiid  tnat    u  '^       (t)    is  continuous  for 

C  <  t  <  6  ,     then  there  exists  a  Uxiigue  solution   u(t)    foi    t>  C    and 

(ni+1).,.    .  ..  „        ..   , 

u  (t)    is  continuous  for    t>-  . 

Proof:    Interval  by  interval  as  for  i_,emm.a  1. 1. 1. 

flow  we  snail  state  a  leiniria  wnich  will  permit  us  to  use 
the  i-,aplace  transform  which  is  needed  to  derive  the  expansion  theorem 
in  Cection  two. 

j_>Er'.I./.  2.1.2.     If  lOr  (2.  Z.l)  we  ara  given  taat    f(t)    is 
piecewise  continuous  for    t>  J  , 

(2.1.1)  |f(t)i  <   C-  ,  exp(C.     t)    for    t  >  :  , 


■1^:3  j3  '^'.B    {J')'i    bris  ^J'J^i/na'islli;}  \J-^^.orjj.uJr:o:3  se:•:.^J;    n  +  jc*  ai    ii)ii    p^  Is 

2;toc'i  riin'j-jS/ofi'isy'O  c-Tii  £"':sri.w  J-    3.s  'res ^  ba;  jrj^gj.  js  .'.•!'; r.,:. 

"t""  i     I  .  ..... 

' 'i I  -    "s  ?:::6  vvsj-a^isr;.!  snj'  tni-urco-vcc's  2;x£C  jeii':^  ■lisaJ'  :3\£a      a 


■:c:l!c  "■  efii  tiisoxccil 


i.iar'-f.  s'v  ;i:'e^ji..:o  S'.i  jiiw  loo-ic.  e: 


I  jcitvv.ii  s.<;  •in'.'  ,  ;:•; 


sJaixo  ;.:£.s^'  :^u.i  Bij  s",.!...  .LlM  T.i^i  iu;. :.'. 


.  1  .!    ■  ■ 


en    P.BL.    {.)i 


..:  /     ..C.l  .--i-i^     ■- 

3    .■3  e\f.'  (1  .V.J/  '.iCl  .li      .i  .J.  .2 


r..j  ^aoxi.ij'uoiiia  olb 


t  -4.  ■■ .  \ 


,ci  e;;v:jn'-riS:T  u;  c;.:AiJf;oo 


5  .>  ;f  >  : 


.?    "jGi  atjOij/..j.:Jno;^  a 


1    \ .,  / 


2V 


and  u'  (t)    is  continuous  Tor    1  <  t  <  6  ,  then 


(2.1.2)  |u(t)|,  |u'(t)|  <  C.      exp(C.^.t)    for    t> 


?roof:    See  ''•  right  [13]. 


2.     Solution  in  Terms  of  Initial    .  ata  and  Inhoiao^yeneous  Term 

TKECREl...  2.  2. 1.     If    u'  (t)    is  continuous  for    -  £  t  <  6     and 
f(t)    is  continuous  JTc     ~<t<T-5.  then  the  solution  of  (2.  G.  1)  for 
5  <  t  <  T  is 


e:£p(s  t)  izso 

r  r-au(6  )        ■ 


5 


u(t)    =    Z  —. — r [ +    ■•     u'(x)e:q3(-s  x)  c.x 

T     ^3     I  S  J 


s  r 


(i.  2.1) 


1 
0 


t-5 

+     '.       f(x)exp(-s  x)dxi 

•J  '        r  - 

0 


Proof:    /.lthou;^ia  tne  proof  of  this  tiieoreu'.  is  essentially  pre- 
senteci  in  T  ri^ht  [1  -.,   we  shall  present  it  briefly  for  two  reasons.     The 
first  is  iiiat  ""rignt  does  not  treat  tne  ini'ioi-iogeneous  case  and  the  second 
is  tnat  since  we  are  in  a  special  case  v/a  can  six'nplify  tne  proof. 

i'fote  Liat  tiie  solution    u(t)    of  ( -.  - .  1)  can  depeuu  on   f(x) 
fOx-    w<x<t-6     only.     Tnus,  for  any    t    uncer  consideration  we  shall 
assu.ie 


::;ng     f 


3/    <t)«rr    21     '^•^■•-     '^--SxlT 


ax  A 


(i  a)c;i'9 


(j^)i:> 
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(2.2.2)  f(x)    =     0    for  all  x>  t  -  6     . 

Hence,  the  Hypotheses  of  _,emma  2.1.  2  are  satisfied.     Kance,   (2.1.  2) 
is  satisfied, 
^et 


(2.2.3)  /?-:.'    (s)    =    C_    >     C_, 


-St 

Multiply  (2.  ;.l)  by    e       ,     integrate  with  respect  to  t  from  3    to    -^ 
(which  is  permissible  as  a  result  of  (2. 1.  2)  and  (2.  2.  3)),   integrate  by 
parts,   shift,  and  divide  by    t(s).     Tns  result  v/ill  be 


CO  ,  0 

5  s,    ^    .  ,-. 
;       .   .    -sx .           e      (s+a)  . ,   .    -sx , 

\    u(x)e       cix    =    r-r—  ,     u'  (x)e       dx 

J  st(s)  J 

a  0 

t-5 
au(6  )  ^    u(o)    ^1         r      f/   \   -sx  , 

;— r-   +     +     -T—.       \  f(x)e  dx 

st(s)  s  t(s)     J 

0 


Since  u(t)  is  continuous  and  of  bounaed  variation  foi'  finite  range  of 
t  (by  i^emma  2.1. 1),  the  Laplace  inversion  formula  (see  '"idder  [12  ) 
yields 

C.  ,  +  i/       -  6 

1        ,.          f       ^^          ri_(s+iL     T'      ,,   ,   -sx, 
u(t)    =    - — -     lim      \  7^; —      .    u'  (x)e       ox 

^TT  1       ,  J  St(s)  J 

^"•-       6=C      ,-i/.  0 

(2.2.  1)  au(5  )    ^    u(o) 

+ 


st(s)  s 

t-6 

,        1  "?  c,     s     -sx  ,         St  , 

+   -7—.  f(x)e       dx  e    ds    . 

t(3)    .j  ,. 


is.. 


a)    '.   n  (£  .S,:.> 
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Evaluating  (2.  2.  .)  via  tiie  theoi^y  of  cesidaes  v/ill  constitue  tlie 
remainder  of  this  proof,     oet  I.    be  the  symbol  for  a  large  positive  in- 
teger,    .^et    r^K.)  be  the  straight  line/W/(s)  =  C^^,  -(2^^+lb  ^^  is) 
<~^.rA:   )b3  the  straight  line-^^'^.(c)=i%l^^ 
r   (M)  be  the  straigat  line/tk'(s)  = '^'^^'  ''^^^,  '(-'   '^^^'^  <^;..(c)<  12I_!i)ZL  , 


vht  iine.^^<s)  =  :l%±i>l.-:i±LJ:i^  < 

o  6  — 

5  t-6 


and  r,(H)  be  the  straight  line'^/7.<s)  =  "^"'/^^^ , '^"^   "^^'^  <  /rVy(s)<  .. 


6s, 
At  "^c   x^-.e      (s+a)         ,/   »   -rix  ,       au(6  )  ,  u(3)       1       '     „,   ,   -sx         st 


^       li.    ' 


Then    u(t)=:rrr    l^^'^'i  \  o(s,  t)ds 


'   ^\(M) 


2^    lirr-[v         S(s,t)ds+\         S(s.t)ds+.  S(s,  t)ds : 


r^CM)  r^(M)  r.(M) 


+  277    ^"       C  S{s,  t)ds  . 


Elementary,   but  tedious,   computation  will  show  that 

lim       \        S(s,t)ds  =  J.  ^  S(s,t)as  =  C,   and   t— r  2     Q  S(s,  t)ds    yields 
r.(M)  ^r 

the  desired  sum. 

THECi>ElV   2.  2.  2.     If    u  (t)    is  continuous  for    ^^  £  t  <  6     and 

f     '  (t)    is  continuous  for    0<t<T-6,   tagn  tiie  solution  of  (2.0. 1)  for 
6  <  t  <  1     is 


(    .    ..  )  ; 


oir,::  :i;v 


(2)'A> 


-.'  '-ra, 


;.'li^       ii-j     i^'-^        [■       ^i; 


- 1^^'  fe 


i^(.:h-  L^^■  r{j.-^ 


,  ,    ,•, ._.>■■  ;;i    ■ ..;    ., 


J    <> 


Ja 


■-■"-■;l^:) 


■£{-)'i;      ^^<; _--■-- -h.;2n  J-.. 


u.o).: 


.v;f    i;c 


(:1), 


.     H   ^J(j- 


(i,i):i 


:  I    — 


VI)  -i 


::::U.- 
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exp(s  t)  (^'O/.x        1       ,'      /     _,_,x 

u(t)  =     1   -T7-V['^"     J^^—        u<^-^^\x)exp(-s   x)dx 
t'  (s    )  ra+i  Hi    J  '^       r 

r  r  r       0 

t-6 

(2.2.5)  + -^    \      i"^"''^Vx)exp(-s  x)dxj 

s 
r        J 


.    exp(6s^)  f<^^-l\t-6). 


t'  (s   )      s  rn 

s  i-  r  s 

r  1" 


I    . 


Furthermore, 


exp(s  t>  (ruKj..  ,        /-    /    ^i\ 

,/xx         .  r      f-au        (5)    ^      1        •      (rn+l),    .        ,  ,, 

u'(t)  =     ^   pT — r  [ + ■   u  (x)exp(-s  x)dx 

t'  (3   )  rn  m-1  J  *        r 

s  r  s  s  ^, 

r  r  r         o 

t-6 


+  r       ,       f  (x)sxp(-S    x)dX 

r  0 


.    "^^'V.f  (t-5)  ,  ,   i^'--\-6)- 

^      T'{s   )   ^     s  :-.i-l 

s  r  r  s 

r  r 


(2.2.6) 


(rn),..  r     .-au       (5)  ,  (m+1/.   .        .  ., 

u       (t)  =     z  — — — r- I +    •    u  (x)exp(-s  x)clx 

e       '^^^v,'  s  J  r 


r 


t-5 

+    •       f^'^'^x)exp(-s  x)dx' 

J  "^       r         ■ 


Proof:    (2.  2.  5)  conies  from  (2.  2. 1)  by  integration  by  parts  as 
in  proof  of  Theoreni  1.  2.  2. 

(2.  2.  5)  can  be  obtained  either  by  differentiating  (2.  2.  5)  or  by 
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differentiating  (2.  0. 1)  and  treating  tne  new  problem  in  similar  fasliion 
to  the  old  one. 


3.     rmoothness  and  Eecay 

THECl-iSI'  2.  3. 1.     ^et  in  be  a  noniiegative  integer,    i3  >  1,     and 
C_     >   0.     If_  a  ^"       (t)    is  continuous  for    C<t<6,   f  ''^  (t)    is  continuous 
for    V.  <  t  <  T-6  ,   u(t)  is  a  solution  of  (2.  3. 1),   and 


(2.3.1)  |/'^(t)|  <  C_(t  +  5)"^  for    :  <  t  <  T-6,    ra>i>  0    . 


then 


u<^^t)!  <  C3^  [[C^g^-     n:ax       |u^^>(x)|  jt^^'^V  ^  ^     ,-^+1  y 

3  <X<  5  ^ 

'J<i/<  m+1 


(2.  3.  2) 


for    5  <  t  <  T,    m-1  >  i  >  G  , 


u^^''^V)|<C      [C_+     max        |u^''^x)Llog(2  +  fl) 

.<u<  m+1 


for    5   <  t  <  T 


C„,    depends  on    a,  5  ,  3  ,   and    m. 
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Proof:    Cur  procedure  v/ill  be  to  estimate  the  expressions  in 
(2.2.6)  and  (2.2.  6). 

First  consider  the  terms  in  the  expression  for    u(t)  . 


r  r  r  s 

r 


by  virtue  of  (2.  3. 1). 


exp(s  t)  (m).,.        .       r     ,     ^.. 

^'-  ^-  '^  's"      T-(s   )  ^      m+1        ""  IT  J    ^  (x)exp(-s  x)dx,! 

r  r         s  s        ^ 

r  r       0 


<C,,(a,6.  rn)      max         |  u^^^x)  j  t"'^"/ ^ 
G<x<6 
G  <  f  <  m+1 


by  virtue  of  (1.1.19). 

t-5 


exp(s^t)         ^       r       irr) 
s^      T-(s   )    *   ~^   j      '"  (^)s^P<- V^dx 
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/      *x  (t-5)/2 
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by  applying  (2.  3. 1)  and  (1. 1. 19).    An.6  finally. 


3Xp(S    t)  ^  .       . 

|i     — ,  /  ^  \    '   \  f '^'^  (x)exp(-s  x)dx| 

'  t'  (s   )  m     J  '^       r  ' 

^r  '''         ^r         (t-6)/2 

(2.  3.  7) 

<    C3   {a,6i3.m)C2gt"'^^^ 


by  virtue  of  (2.  3. 1).     Estimating  (2.  2.  b)  with  the  aid  of  (2.  3.  3),   (2.  3.  1), 
(2.  3.  o),   (2.  3.  G),   and  (2.  3.  7),   we  obtain  the  proper  estimate  for    u(t)  . 

Similar  procedures  yield  the  desired  results  for  all    u     (t),  i<  m-1. 

Now,   we  consider  the  case  of    u       (t).     By  the  Lebesgue  Dominated 
Convergence  Theorem,   the  expression  for    u       (t)    in  (2.  2.  6)  becomes 


,     V  exp(s  t)  (rn),^. 

(m).  .  ^         '      r  au         (6) 

u        (t)    =    -     ^ 


(2.3.3) 


T'(S    )  s 

s  r  r 
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exp(s   [t-x])  /"        exp(s   [t-xj)        . 

+     ;       Z  i-^  u^'^^^\x)dx  +    '.        2  J    .        f^^^\x)dx. 

J  t' (s    )  J  t' (s   ) 

^    s  r  •^,.      s  r 

Or  Or 


exp(s   t)        ao^),      ^      ,     ,,  \    iu),    .,-1/2 

s  r  r  c<x<6 


r 


0<v  <  m+1 


by(1.1.19). 


exp(s   [t-xi)     .       ,.  ,  V  X 

(2.3.13)  1^      2.     _i__   u^^^+l>(x)dxi<5C^Ja,5)maxKU|log(2+g^ 


s  r  '^"I'^S^ 

^      ^  0<i/<m+l 


by(l.  1.  23). 


^\LlBy.ii  on\    .(^-i  .1  J)  ri.'B  {>.  .'-■  .  ..^QCjS  X;^f 
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(2.3.11)         1^       I       T'U    )         ^•^"'"^(^)dx  |<  C33(a.6,/3)C^^log(2-h^) 


s  r 

J      r 


by  (2.  3. 1)  anci  (1. 1.  23).     Applying  (2.  3.  9).  (2.  3.  l?),  and  (2.  3. 11)  to  (2.  3.  8). 
we  obtain  the  desired  estimate  for    u        (t). 


-i.     The  General  Innomogeneous  Case  v/ith  One  Difference 

THEOj^Ej'  .  2.  i.  1.     If    u      ''"'^  (t)    is  continuous  for  3  £  t  <  6,    m  >  0. 
f  (t)    is  continuous  for    u  <  t  <  T  -  6,     and 


(2.^.1)  |i'^^^t)|  <  C.,.(t  +6)"^  for    C  <  t  <  T  -6,m+n-i  >  i  >  0. 

and  soine    ^  >  1: 

wnere    k    is  the  greatest  multiplicity  of  an}^  root  of  the  characteristic 
equation  corresponding  to  (2.  0.  2), 


n  - 

(2.  i.2)  S      [a  e^  +  b     s"  =  0 


then  tiiere  exists  a  unique  solution    u(t)    of    (2.  j.  2)  and  furthermore. 


~     ^-^   '       ^'      G<x<6  ^'  -^ 

(2.i.3)  :<i/<m+n 

for    6  <  t  <  T  .    m  +  n  -  2  >  i  >  0, 
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0<x< 

C  <  1/  <  m+n 

for    6  <  t  <  T. 


Hare    C^,    depencJG  upon    a  ,b  ,6,/3,  :ri    and    n    and    9    is  determined  by 
jj    ■— ^ u      V  "  ' 


(2.4.4)  Pa^s   )    ~     -    |r| 


-8 


where    s^    are  the  roots  of  (2.  j..  2). 

r.ethod  of  Proof:    If  (2.  i.  l)  has  no  multiple  roots,   the  proof  is 
the  same  as  for  the  special  case  (2.  Z.  1).     Note  that  it  can  be  shown  that 
(2.  4.  2)  has  only  finitely  many  multiple  roots  and  that  these  have  finite 
multiplicities.     Then  the  solution  can  bo  broken  up  into  tne  cDntribution 
of  the  simple  roots  which  was  already  treated  and  the  contribution  of  the 
multiple  roots  which  can  then  be  estimated. 
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Cnapter  III 

The  Nonlinear  Case 
Presently,   we  are  in  a  position  to  cUscugs  the  differential - 
difference  equation 

(3.0.1)  u' (t  +  6  )  -u'(t)  +  au(t  +  6  )    =    g{t,  a(t),  u{t  +  5  )),  a  >   0.6    >j 

with  initial  data  given  on  ;^  <  t  <  6  .     Subjecting    g(t,  u,  v)    and  the  initial 
data  to  smallness  and  smoothness  conditions,   we  are  able  to  demonstrate 
the  existence  of  a  unique  solution  of  (3.0. 1).     Tais  solution  has  a  rate  of 
decay  depending  on  its  smootiiness  wnicii  depends  upon  the  smoothness 
of    g(t,  u,  v)    and  the  initial  data. 

i..egarding    u'  (t)    for    0  <  t  <  T    as  history  and  hence  known,   we 
can  attempt  to  use  tne  Cauchy-Feano  theory  for  ordinary  differential 
equations  to  obtain  existence  and  uniqueness  for    t  >  T.     But  it  is  well  known 
that  in  general  this  will  only  be  valid  in  the  small.     V  e  shall  manage, 
however,  to  obtain  an  interval  of  validity  of  the  order  n    '  '  for 
n6  <  T  <  (n+l)6   so  that  we  can  proceed  interval  by  interval  and  have 
our  conclusion  for  all    t  >  3  . 

Having  shown  existence  ana  uniqueness,   our  method  of  proof 
immediately  yields  a  weak  estimate  for    u(t  +  6  )    where    t  +  6     lies  in 
our  interval,     i^rorn  this  estiniate  and  the  conditions  imposed  upon 
g(t,  u,  v),   we  obtain  an  estimate  for    g(t,  u(t),   u(t  +  6  )).     ''^'e  are  primarily 
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interested  in    u(t  +  6  ),   but  our  metliod  of  proof  is  dependent  upon  our 
having  results  for  its  derivatives  also.     Co  we  differentiate  (o.0. 1)  rn 
times.     i'roiTi  (3.  j.  1)  itself,   we  oiotain  a  weak  estin-iate  for    u'  (t  +  5  ). 
This  allows  us  to  estimate    g     (t,  u(t),  u(t  +  5  ))    where  for  this  entire 
c.iapter    i     (t,  u(t),  a(t  +  5  ))    means  the  i — total  derivative  of 
^{t.  u(t),  u(t  +  5  ))    wita  respect  to  t.     Then,  from  the  first  differentiation 
of  (3.  G.  1),   we  obtain  a  weal:  estimate  of    u"(t  +  5  ).     V  e  keep  on  going 
in  tliis  fashion  until  we  obtain  a  v/eali  estimate  for    u  "'   (t  +  5  )    from 
the    (m-D—   oiffex-entiation  of  (3.  :.  1),   we  astiv-cate    i-^"^'(t,  u(t),  u(t +  5  )). 
and  we  read  off  continuity  of   u  ^'^      (t  +  5  )    from  the  m—  differentiation 
of  (3.  0. 1).     Having  our  results  for    r{t,  u(t),  u(t  +  5  ))    and  its  derivatives, 
w3  apply  Theorem  2.  3. 1  to  (3.  C.  1)  and  certain  differentiations  thereof 
to  obtain  our  desired  result.     Cur  work  accomplished,   we  move  on  to 
the  next  interval.     This  constitutes  Theorem  3. 1. 1  and  its  proof. 

Theorem  3. 1.  2  allows  a  slightly  more  general  right  hand  side 
tiian  does  Theorem  3. 1. 1;  it  suffices  for    g{i.  u,  v)    and  its  derivatives 
to  be  sufficiently  small  in   t,  u,  and  v    rather  than  in    u  and  v    only. 
It  is  this  form  of  tiis  theore  \  we  apply  in  the  appendix,    "e  omit 
the  proof  as  it  is  the  same  as  for  Theorer.^,  3. 1. 1. 

1.     Smooth.i33S  and  £3cay 

THEC^E:     3.1. 1.     suppose  that    u    "^      (t)    is  continuous  for 
J<  t  <  5. 
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(3.1.1)  n-.ax         |u^''^x)|  <  e 

:<x<6 
:.  <  1/  <  ni+l 

where    z    is  chosen  sufficiently  sniall. 


(3.1.2)  m>  3  , 


(3. 1. 3)  :(t,  c, .)  =  -jt.  ■:.:)  =  u^t,  j.  )  =  c  for  t  >  :  . 


and  for    1  +  j  +  k < .Ti,  t>  o,    some  C   .   >    J ,   and 


(3.1.  1)  iu],  iv!  <  c^/"-(t  + 5  )■-'/"■    . 


C~         •'  .-7(t,U,  v)       .J..  , 

we  aave    '^ j —    is  continuous  and 

J£+j+k)   „  .  .,/  , 

(3.1..)  1^^^^ ^ikikvL   I  <c   .(t  +  5)-/ 

(ot)N3u)^(3v)*^ 


Then  tners  exists  a  unique  solution  of  (3.  2. 1)  for  all  t  >  3 
and  furthermore. 


(3.1.  3) 
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lu^^^^Vol  <  C  ,  c  log(2+  f^  )    for    t  >  6   , 
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and    u    '       (t)    is  continuous  i'or    t  >  :.  .     Irlere    C  ,    depsncis  on    a,6  , 

and  iu. 

Proof:    V'e  shall  suppose  that  we  have  shown  tne  conclusion  of 

our  theore.ii  to  be  true  for    t  <  T    v/nere    n  6  <  T  <  (a+l)o  ,  n  >  1  .     J  or 

siiTiplicity  we  shall  assume    n  >  1.     It  will  then  suffice  to  shov/  it  is 

true  for    t  <  T      =    T  +  .;iin(6  , ry— )  because  we  can  then  proceed 

2a(n-ir ''  J 
to  show  it  is  true  for    t  <  T.  +  r.un(5  , -7-7-  )    where    IT  =  n-1    for 


2ari 
T    <  (n+l)5     and    N  =  n    for    T    >  (n+l)5     and  hence  we  caii  get  as  far 

out  as  desired  in  this  manner. 

First  we  show  existence  of   u(t  +  6  )    on    T  <  t+  6  1  "^i  •     i^swrite 

(3.  C.l)  as 


(3.1.7)  u'(t  +  5)    =    u'(t)  -  au(t  +  5  )  +  g(t,u(t),  u(t  +  5)) 


^noose    e    sufficiently  small  so  that 


(3.1.3)  c"^/^-  >  2-  i"'-^/^[C^^  +  (2a)'^C,,5^/^  +  a"^C^.(35)"''/Vl^ 


For    T  <  t  +  5  <  T  +  5  ,   we  have  T  -  6  <  t  <  T  and  by  astiumption    u'  (L) 

is  a  known  function  of  t,   continuous,   and  bounded  by  C      e  [(n-l)5 

by  (3. 1.  G).     /  Iso,   for  the  rectangle    T<t  +  6<T  +  6,|u|<J^'    [(n+£)5  ]  ^'  7 

the  right  hand  siue  of  (3. 1.  7)  is  continuous.     Furtherniore,  by  (3. 1.  5)  , 

|u(T)|  <  C^^^  €  (n6  )"^"'^'^  <  e^/'^L(n+2)6  \"''^'^  ^    by  choice  of    s.     Hence, 
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we  can  apply  the  Caucny-x^  eano  tneorem  for  orcinary  oifferential  equa- 
tions.    (This  tneor em  states:    j_,et    h(x,  y)  be  continuous  in 

0<x-X<b.    iy-Y|  <b,..     Let    I.':  =    max  !h(x,  y)|.     1  hen  there 

^  0<x-X<b, 

ly"Y|<-b,^ 

exists  a  continuously  differentiable  solution  of   y'    =  h(x,  y)    for 

C  5.x -X  <  niin  (b  ,   —  )    satisfying   y(X)  =  Y.     Furthermore,   if 

|n(x,  y  )  -  h(x,  y  )|  £K|y    -  y^j,     the  solution  is  unique.  )    In  our  case 

x=t  +  5,   y  =  u,   h(x,  y)  =  rigat  hana  sice  of  (3. 1.  7),   X  =  T.   b    =  6  , 

Y  =  u(T),    |y|  <  C,.  e  (n5)"'^^/^   b..  >  ^^  ~\{n+^)6    "''^^/ '"-C  „€  (n6  )""/^ 

and    M<C,     c,(n-l)5/-^-'^)/'^-fae^/^i(n+2)6."^S2C..c^/2[(n+2)6r'^/: 

(To  estimate  !■.,   we  used    |g(t,u,v)|  <  C,,(|ui    +!vi'").    This  and 

|g  (t.  u,  V)|,|g  (t,  u,  ^0|  <C   ^(|u|  +  |v| )  follow  from  expansion  of  g,   g  , 

U  V  cv  U 

aiiG  g    in  Ta3'lor  expansions  sbout    (t,  C,  G)    a.io  then  applying  (3. 1.  3)  and 
(3. 1.  ^/.  )    Thus,   there  exists  a  solution   u(t+6  )    of  (3. 1.  V)  with  u'  (t+6  ) 

continuous  in    C  <(t+5  )  -T  <  iriia(6  ,  — r  )•     ^  cursory  loo;:  at  tne  estimates 

—  r-  i\- 

^2  -II  -1 

tor    b      and    I      suggests    -r*  ~  (n-1)    '      .     Actually,  by  virtue  of  our 

caoice  of    c  ,   we  nave  existence  in    T<t+5<TT    =    T  +  min(5  , rj-    ). 

^a(n-l) 
Indeed,  tliis  was  the  primary  reason  for  the  choice  of    s    in  (3.1.  3). 

Mext,   we  demonstrate  uniqueness  of   u(t  +  6  )    on    T  <  t  +  6  <  T.  . 

llote  that  in  our  interval,     u(t)    is  cnown.     Tnus,   for  our  uniqueness 

theorem,   we  vary  only    u(t  +  5  )    to  test  for  Lipschitz  continuity,   i.  e. 

let    u(t),  v(t)    be  solutions  wnicn  agree  for    t  <  T;    then 

Uu'(t)  -  au(t  +  5  )  +  g(t,  u(t),   u(t  +  6))j-[u'(t)  -  av(t  +  6)  +  g(t,  u(t).  v(t  +  5)),| 

<(a+C     )|u-v|  by(j.l.  i)).     Hence,   we  have  uniqueness. 


s-r6r?>  Msr;  f     ;   i  {■;•  ^.y);;'! 


J  .O     >  A  -  '^' 


X   >   ■. 


'A(..t    'y     .:);•;  -    '\    Ir  ar^fiAc^  ^:luBlj{yS-'r''iuo  ■.[i^ii.^M^i'.ik.r. 


Vr: 


,  1  './;  .     J; :; 


\   V    « 


,^'.-)   h<::r,   -^  .  v  ~  X 


1 


\x 


"     f  ^'-:'>   >• 


-t-s..  -   V 


«!<+«)  ;'**'': 


.*\-- ..- 


\'-.. 


.\(i-'v:-J 


':-:^).: 


I.V.;     \^ijxi 


'^li 


fors  sLT     .("  i-i-l-r 


Cj,.?l   .fc  io  fiGUir-.^qx 


^qxe  ::ic-i^  -cIJ-j  \|vi-^-i;.  [^ 


V    '  0  » ;u    n!jU?:iCf:  c    i73;xs  Cl->.:t   ,-2u.'.T    (.(..:.c) 


■•:       1    j;:ls      .& 
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Now,  we  show  the  existence  and  continuity  o'i    u    '       (t  +  6  )  on 
T  <  t  +  5  <  T    .    Difierentiation  of  (3. 1.  7)  o  times  yields  the  system 


u'(t  +  6)    =    u'(t)  -  au(t  +  5  )  +  ^(t.  u,v). 

u"{t  +  6  )    =    u"{t)  -  au'  (t  +  5  )  +  g  (t,  u,  v)  +  g  (t,  u.  v)u'  +  g^(t,  u,v)v'. 


(3.1.9)  u  (t  +  5)    =    u  (t)  -  au        (t  +  6) 


.2+3  +  ::<  ra  "V  '  '  ^-'^l' '  *  ^-n  (3t)'-(cu)^(9v)'^ 

T  a„  =  j 
<; 

l  +  l  i  a,, +2r.b   =  ra  , 

^  1  a,  b, 

.  (u*  )       ,  . .    (u        )       (v'  )       . .  .    (v       ) 


where    u  =  u(t),   v  =  u(l  +  6  )  . 

Tne  second,  relationship  of  (3.1.  9)  tells  us    u"(t  +  5  )    exists  and  is  con- 
tinuous on  our  interval.     Etcetera. 

Now,  we  v/isa  to  ecti-iiate    ^(t,  u(t),  u(t  +  5  ))    and  its  derivatives, 
specifically,   v/e  desire 


Ig^'V,  u(l),  u(t+5  ))i<  C,..,£^/\t+5  )^"^^"*'"*''^/^for  3<t+5<T.,  m-l>i>  3. 
I  g^'''^(t,  u(t),  u(t+  5  )) i  <  C  , .  s^/  ^'(t+5  )"-/  ^02(2;  +^^^^)  for  6  <t+5  <T  . 


i: 


no  {  6  +  1)      '      li    io 


00  OClS  £• 


r:tsia\;ii  sr."- 


i^r-iU  ..      V\l.i.} 


iC     :;C 


r  >  d-^ 


.(v.u  .:f)^  +  <  i  +  Jfus  -  (J)'JJ    =     (o-i-l)'jj 


{^■^iV" 


(G.I.t) 


..  C       G 


=     C  ■■,-  '.-  T 


C/i) 


V   ,(j)(;  = 
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It  will  suffice  to  show  this  result  fox-    T  <_  t  +  5  <  T,    because  we  assume 
we  used  (3. 1. 1:)  i'or    6  <    t  +  6  <    T    to  obtain  (3. 1.  Z)  iox-  that  interval. 
The  method  we  shall  use  to  obtain  (3, 1. 1-)  is  to  use  the  propex^ties  of 
g(t,  u,  v)  given  by  (3.1.  3)  and  (3. 1.  u)  together  with 

lu^^W  )!  <C,„  £^/^:(n+2)5  ]^'""'^/  W  T  <  t+5  <T  .  m-l>i>  0  , 


(3.1.11) 


("^)/.^.n!^--         3/4  an^ 


u^"-'(t+6)I  <Ce  ^^'log(2  +  -=^)  for  T  <  t+6  <  T 


/.  E  was  indicated,  in  the  introductory  remarks  of  this  chapter,  to  estimate 
g  "*  (t,  u(t),  u(t  +  5  ))  v/e  sxiall  need  (3. 1. 11)  foi-  all    i  <  j    and  to  estimate 
u^^\t  +  5)    by  (3.1.11)  w8  shall  need  (3.1. 13)  for    i  =  j-1  . 

In  our  existence  proof,  we  assuxTied  we  alreaay  had 
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u(T)]  <  C      £  (n5  )  ^"'       and  hence  we  were  perrxiitted  to  restrict   u(t+5  ) 


by  I  u(t  +  5  )  I  <  e"^'  ^[(n+2)6  f^'  *  for  T  <  t  +  6  <  T    .    Thus,   our  proof  of 
(3.1. 10)  ana  (3.1. 11)  gets  off  the  ground.     "'  ithout  loss  of  generality, 
assume  that  these  two  estimates  are  proven  for  all    i  <  m    and  we  desire 

to  verify  thera  for  i  =  ir.. 

(rLi) 
First, we  x-xiust  estimate    u       (t  +  5)    for    T<  t  +  5<    T    .    For 

this  purpose  we  shall  use  the  next  to  the  last  equation  of  (3. 1.  9).     By 

(3. 1.  C)  we  iiave 

By  our  assu;aption  for  lower  derivatives  of    u(t  +  6  )  , 


9''/-''^r,;;: 


,'  I-  •» 


.i^^'/'ia'ii;  jfu'.i-  'iC;  ■ . 


.i.ij  MS  too  ':  J     T'    >  o-i-j    >  <i 


JO  E!^  f  J'.--3qo'iq  Gi  :i  'i^rtj  c  ■  ^^i  ^  .1  .J.  .'->  niGJ..  o  o1  ean  L 


;TiV' 


,1.3)  Ujs  (V  J 


<-,.• 


■■.XJ    ^'/ 


^■•.c.;-^=^"-'',«^.o;\«.   ,c>!fMi!<*'r 


.  ,T  >5+j-  >  •;^  -loI  { 


■•  i\ 


:;  >  i(  o'ljj 


(li.j 


•j;;ij  iO  e^  ■a;-.i.-i: 


;i;' jx:o. -'C,i  ac".*; 


L  >  X    lie  -.c!  (;:.]  /  )  beiiiV  ILs:^^.  ee^  •'  i-i-t/': 


I-;,  =  X    ^oi  (C:J  .I.t:)  ■-; 


sf.  Ksx^a 


V   aco^q  sofii^izLy.  '•:;;.;>  r;! 


i:'r!Xs 


(  on)  -5 
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\aJ'^'^\t  +  5)\<SiC^^z^f'^[{n+2)6-r'^^''<aC^,/^'^C(6)\og{2  +  ^) 


Ths  remaining  term  on  the  right  hand  side  of  our  equation  is 
g^"^"^'{t.  u(t),  u(t  +  6  ))    which  by  (3. 1.  9)  is  estimated  by 


g<^^-S.u(t),u(t  +  5))!<C^..2/2(t  +  5/-^-^)/'<C^2^'^'c(6)log(2  +  ^). 


Thus,  we  have  our  estimate  (3. 1. 11)  for    u       (t  +  6  )    where  again  we  call 

the  constant    C   „. 

(m) 
Now,   we  estimate    g     '  (t,  u(t),  u(t  +  5  )),     the  expression  vmich 

appears  at  the  extreme  right  of  the  last  equation  of  (3.  1.  9),   for 

T<t  +  6<T.    As  previously  noted,   from  our  existence  proof  we  obtain 

|v!   =|u(t  +  6)l<c3/^{t  +  5)-^/--.     /ISO,     |u|<C_,^.t-^^/^<e^/^t  +  5)-^-' 

by  (3.1.  6)  and  (3. 1,  8).     Thus,   we  stay  in  the  range  (3. 1.  i)  in  which  the 

estimates  (3. 1.  5)  were  postulated.     This,  together  with  (3. 1.  3),   implies 


gC  +  j  +  k)^^^^^^^^  ^-C,^(|u|  +  |v|)^"^""Nt  +  6)-/'    for    j  +  k<2 

^C,^(t  +  6)^'  -  for    j  +  k>2  . 


Ot)-(9u)-'(3v)'' 


Together  with  (3. 1.  i),  this  implies 

a 


(■:  +  j  +  !:)   ,,  ,    I         rC    .[2e^/'(t  +  6)"'^/'j^"J"Nt  +  6)^     for  j  +  k<2 

(StrOu)JOv)'^         '    ~   ^-.Jt-.6)-/-'  forj  +  k>2. 


ai  LioiiBupo  tvo  lo  sbxa  :)i"f3ri  .tfl>>i"i  SuJ  no  nrrieJ  "gnini^ix-iS'X  etlT 


.(•^j^-i-.'n:oi(6)3^\^,   C>^^^^"''^"'(6^ir^^,,3>i((o  +  i),..(t)u.j/^''''^3 


..,   D    .!!"i.sJaiioo  edi 
"*:     D>twj     ,oaI\     .■\^'""(6H-J}'^^v>j(£+:f)i;h   K/| 


Using  the  induction  hypothesis  (3. 1. 11)  for    i<m    and    T<t  +  5<T,     we  find 


^(v^'^^'^ 


b  Q/    2:b  Z  (n-m)b    /4  ^  .     . 


<(C   gC  '    )       '((n  +  2)5)  "      log(2  +  ^)    since    v'         can 

(O 


appear  at  most  once  in  this  product.     Using  the  sarae  estimates  for    u 
(which  we  can  by  virtue  of  (3. 1.  6)  and  our  choice  of    e),   ws  find 


^(u<^^^^^(v<'''^''' 


{3/4)r(a  +b   )  I   (^-rn)a,  /-i+y   (n-.n)b    /■ 

<C.^£  ^       ■''[(n+2)o]  -  '^log(2+f^)l 


Since    i;(a,  +b   )  =  j  +  k    and    Z  +  Z  Sa^  +  Z  rjb     =  m. 

Combining  this  with  the  estimates  for  the  partial  derivatives  of    g(t,  u,  v), 

we  obtain  the  last  estimate  of  (3. 1. 10),   namely 

|g<"^\t.u(t),u(t+6))|<C     f.^/^t  +  6)-^^j^^^<2J+k)^^^^jm/4  a^ 

.  ^        3/2..  ^  ,  .-m/-l^      ,,  ,   at  . 
<  C^2^       ^^^"^  )  log(2+  — ) 

by  using    2    in  place  of    max(2,  j  +  k).     Thus,   we  have  (3. 1. 10)  with    C  „ 
depending  on    a,6,  m,  C    ,,,   and    C  ,. 

Finally,   we  are  in  a  position  to  obtain  (3. 1.  6)  for    *  £  t  <  T  . 
It  is  here  and  only  here  that  we  use  the  machinery  developed  in  the  pre- 
vious chapters  as  embodied  in  Tneorem  2.  3.1.     '^'  e  use  this  theorem  for 
different  functions  on  the  complete  interval    ^  £  t  <  T  ,   namely  we  apply 
it  to    u     (t)    for    i  =  J,  1,  3,     and    o    and  choose  the  appropriate    m    and 
3     in  each  case.     To  avoia  confusion  let  us  aenote  by    u*,   m*,     and    i* 
the    u,   m,     and    i    appearing  in  Tneorem  2.  3. 1. 


bail  s\-r     ,^T>  o  -i-  J  >  T    ':ue    r/..  >.    wi  ( ii  .1  .^S  .i.ieonioqxd  ficiioubni  orlJ  ■gn'taU 


iA    C{^.-u)    -: 


ilBO 


^"■''(^"'V)]! 


(?^ 


bfixj  sw   ,(:■.    'Jc  sok.''.c.  tuo  acTis  (5  .i  .6)  'io  ^yui'iiv  xd.  r,so  sw  rloirlw) 


,unc 


^       :'.--(v)    ^  +  v\  .r(r;;-,:)    :• 


^  0+   .);:(f\:.) 


;.o{..+n)j 


!      fj 


'>^    /    M 


)goI    ^  :5(.Lrn)j      H    ^       !  .i(c;rn)j     *  ?)     ,  J  >         (       v)      (       )j) 


4{v,ij,t)3    io  89vi.trr-rxisl.r  Is.i'f  i!C,c[  i.fL'  -loi  £;;:.t£n  i.tc.9  erlJ  ilivfj  airit  gninio'rrfoD 


^!.^- 


?■ 


■;  vtl 
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(^m-4    for    i  =  0    or  1 
Using    m*    =^ 

^m-b    for    i  =  3    or  5  , 

|3   =  —-  +  1,     and    f(t)  =  g  Nt,  u(t),  u(t  +  6  )),     we  shall  now  apply  Theorem 

(5) 
2.  3.1.     For    u*(t)  =  u      (t),     we  shall  use  the  estimate  obtained  in  its 

entirety,  namely  for    u     (t),  m  >  i  >  5.    However,  for    u^i'Ct)  =  u(t),     we 

shall  merely  use  the  estimate  obtained  for    u(t);    for    u*(t)  =  u'  (t),     we 

shall  merely  use  the  estimate  obtained  for  u'  (t)  and   u"(t);    and  for 

(3)  (3) 

u*{t)  =  u      (t),     we  shall  merely  use  the  estimate  obtained  for    u      (t) 

and    u      (t)  . 

Using  the  definition  of   f(t),     then  using  the  estimates  (3. 1. 10) 

for    g     (t,  u(t),  u(t  +  6)),     then  using  the  definition  of   ^,     we  have 

|f^'*^(t)|   =  |g^'*'^'^t,u(t),u(t  +  5))j{fori  =  0,1,  3,or  5) 

,C,^e^/^t  +  6)^"^"^"^^*'^'^/^for  5<t  +  5<T,,   m  -  1  >  i*  +  i  >  0,   m*  >  i*  X 

tc^„e^/^t  +  6)"''^/^og(2  +  S^^)for  5<t  +  6<T,.   i  =  5,   i*  =  m-5 

<     C,„e  '    (t  +  6)  •     .     Hence,   by  Tlieorem  2.  3. 1  applied  for  each 
u     (t)(i  =  0,1,  3,   or  b),     we  have 


for     6  <  t  <  T  ,   m*  -  1  >  i*  >  :  , 
(3.1.12) 

|J"-S)l<C3,tC,//^c!log,2.||, 


< 


iasio' 


!)i-,(nu,l)-^^;;-  - 


.o^'\> 


.i))"r;    .-j.iji  (;■)  'i/  lo'i  bsriitiido  9;rj5ni.fj30  srU  sau  xL 


id  b^ciiaiCc  vlG/r/iJ":.'.  sf-. 


■  'gaizv  iisfii     ^{i)'i    io  noijiiiiieo  g:'.i  ^ni:- J 


. .     j.yo  sdi  gn/EU  naxiJ     ,((  §  -i  j^)i;  ,(.1)0  J) 


0) 


i  +  *i 


•ol 


*\(i+*i+raS-: 


•  0  -f  t)' 


(.> 


\>-" 
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for    6   <  t  <  T  . 


For    i  =  0,     let    i*  =  0;    for    i  =  1    or    3,     let    i*  =  0    or    1;    and  for 
i  =  5,     let    i*    be  any  integer  satisfying    0  <  i*  <  m-b.     Note  that  in 
this  way  each  integer  from    C    to    m    corresponds  uniquely  to  one  of 
our    i*  +  i.     ^"  e  defined    ;3   =    -^ —  +  1.     ..-Iso,   from    m  >  3  ,     the 
definition  of    m*,     and  our  restriction  of    i*  ,     we  oDtain 

n-.jjc-i*         m-i*-i  ^, 

— r —   >    .     Caoose 


(3.1.13)  ^U-'^30    ^"^    ^"^^^-^42* 


We  now  have  (3. 1.  6)  for    *  £  t  <  T,    and  can  proceed  to  the  next  interval. 
TliECREr..  3. 1.  2.     Suppose  that    u  (t)    is  continuous  for 


0  <  t  <  6  , 


(3.1.11)  max  lu^"  (x)|  <€ 

0<x<6 

0  <v  <  m+1 


where    <.    is  cnosen  sufficiently  small, 


(3.1.15)  m    >    8  , 


and  for    .2  +  j  +  k  <  m,   t  >  0  ,     some    C  ,  ^  >   0,     and 


:    ,C  =  i 


"io  one  c.t  (.IsDoiiuj  r.bfu'q.-ijT-xoo    rn    ct    0    raoi'l  vogoJi'ti  rioBS  \b\w 


rli     .  £  <  a.    r.^cl    .cel  ^     .1  +   — 


I  -■ :. . 


.i  +  *i 


riisJdc  yv/     ,  *f    ?o  rjci-tr-iijss-i   li.o  Ivis     i*/..  ■'lo  noitih' 


:^V- 


one 


,--.Ii-^ 


(Cl.I.!^) 


ii..:o  lifis    ri?  >  "^"^  S'  ivl';:.  J  .S)  y/eri  won  •^ 


.^  .!.;■:  .;.. 
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(3.1.16) 


lu|.|v|<e3/^t-^6)-^/-^    , 


we  have 


a^'^^^^'k^u^)   , 


idt)"- {du)hdv)^ 


s  continuous  and 


(3.1.17) 


.(i?+j+k)   ,^  , 

9  g(t,  u,  v) 


Then  there  exists  a  unique  solution  of  (3.  0. 1)  for  all    t>0    and 
furthermore. 


|u^'V)|  <C_,„(a.5.m)et^'""^^/'^    for    t>5,   m  -  1  >  i  >  0  . 


46 


(3.1.13) 


(m) 


u^'^^t)!  <C^,(a,6,m)e  log(2 +1^)    for    t  >  6   , 


-^4 


^TT 


and    u  (t)    is  continuous  for    t  >  0 


{\n- 


(  6+J) 


(f)  +  ^)^^^ 


'■■      -.fJ    !■ 


1  vv 


-^f^^--')../.-. 


.0) 


w 
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/.ppendix 
Th3  V  ave  Equation  with  a  Nonlinear  Interfacs  Condition 

Consider  a  seginent  of  transmission  line  of  length    1    +  .1^  . 
Flacs  a  generator  at  tae  left  end  of  the  line  and  an  iriipedance  at  the 
right  end  of  the  line.     /.Iso,  place  a  capacitor  in  parallel  with  the 
line  at  a  distance    .!,    from  the  generator. 

J_.et   v(x,  t)    denote  voltage  at  point    x    and  tij'as    t.     .L,et  the 
capacitance  of  the  capacitor  depend  upon  its  voltage  and  be  denoted 
c(v).     j_iet    .  (t)    be  the  input  voltage  at  the  generator.    '   e  shall 
assun;e  that  the  voltage  and  the  current  gradient  down  the  line  are 
initially  zero.     " •  e  further  assume  that  tne  impedance  is  matched 
to  tae  line,     z^et    [fj    denote  the  jump  in    f   with  respect  to   x. 

T'-iranker  [9;  showed  that  the  above  problem  leads  to  the 
following  set  of  equations  for    v(x,  t). 

(A.l)  V       =    a     V,,    for    t>    :,    -.2,  <  x<    1,,   x  j=  Z. 
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{^.2)  v(x,  j)    =    v(x,  C)    =    Z, 


(A.  3)  V      +    a  v^    =    :    for    X    =    .1^, 

X  t  ^ 


(A.  i)  v    =    >(t)    for    X    =    -  .1^. 


and 
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(A.  5)  [v  J    =    2Qr(c(v)v  )     for    x 


It  is  to  be  noted  that    a  >   Z  and  that    c(v),     v/hereas  not  the  same  as 
c(v)    above,   is  a  positive  constant  multiple  thereof. 

Tiien  usin^  Gauss'  Theoreir.,  ne  showed  that  this  can  be  reduced 
to  solving 


t 
(A.S)  c(v)vj  =    -v{t)  +  :  (t  -  |) 

t-T 


along    X  =  J  .     Here    t  =  2a;!  . 

Presently,   it  is  our  aim  to  show  that  if    c(v),  v(j,t),     and   0  (t) 
are  sufficiently  smooth,     v(0,t)    and  a  proper  number  of  its  derivatives 
on    0  £t  <  T    are  small,   and   (■.  (t)    and  a  sufficient  number  of  its  derivatives 
decay  as  some  high  enough  negative  power  of   t  ,   then   v(x,  t)    decays  for 
all    X    in  our  region. 

The  proof  of  decay  for  a  solution  of  (A.  1)-(A.  :)  where  {A.  1) 
(rather  than  (/  .  5))  holds  for    x  =  C    is  very  elementary.     Let  the  solution 
v(x,  t)  =  A(t  +  ax)  +  B(t  -  ax)  .     Then  from  (A.  3)  we  obtain 
A'  (y)  =  0    for   y>    a .1^  .    'v'/hereas  the  solution  of  the  differential  equation 
is  unique,   we  can  subtract  a  constant  from   /  (y)    as  long  as  we  add  it 
to    B{y)  .    So  we  subtract   A(c^.2J    from   A(y)    and  add  it  to    B(y)  .     '"'e 
thus  have    A(a  1,.)  =  C  .     Hence.     v(x,  t)  =  &(t  -  ax)    for    t  +  ax>  a  !„  . 
Thus,    v(x,  t)    decays  as   ^  (t)    decays. 
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Cur  pro'olein  is,  hov/ever,   that  the  jump  condition  (/  .5)  holds  at 
X  =  0  .     Converting  (A.  o)  to  (3.  0. 1)  and  then  applying  Theorem  3. 1.  2 
thereto,   we  obtain  decay  along    x  =  3  .     Then  for  the  region    x  >  3    we 
have  the  elementary  probleiii  handled  above  and  for  the  region    x  <  S 
we  shall  snow  that  we  can  obtain  decay  despite  the  break  along    x  =  C  . 

First,   we  convert  (A.  G)  to  (3.  0. 1),     i^et 

v(t) 

r 

(A.  7)  u(t)    =      .         c(Ja    . 


Then 


(A.  3)  u'(t)    =    c(v)v'(t)  . 

V 

j-^et    F(u,  v)    =    -u  +         c(\  )d\     =  0  .     Then    F  (u,  v)   =  c(v)  >   0    since 

J  V 

capacitance  is  always  "positive  (actually  nonnegative,   but  for  our  purpose 

we  need  positive).     Hence,   by  the  implicit  function  theorei-i,   we  can  solve 

F(u,  v)  =  ,    and  obtain   v  =  i//{u).     Since    c(v)  >   3,   u  =  0    implies    v  =  3    by 

virtue  of    {/.7).     Also,   if  we  consider    u    and    v    as  functions  of   t, 

u' (t)    =    c(0)v'(t)    at    u(t)    =    3    by  virtue  of    (A.  3).     Tnus,   if    v    is  suf- 

ficiently  smootn,     v  =  -i-r\  +  u  &(u).     _/et    — r— t   =  a.     '   e  then  nave 

c(^)  °  c(^) 


(A.  9)  u'(t)  -  u'(l-T)  +  au(t)    =    -  u^(t)g(u(t))  +  (^(t  -  -) 
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which  is  equivalent  to  (3.  0. 1).     However,  Theorem  3. 1. 1  is  inapplicable 
since  the  rignt  side  ol  (/  .  9)  does  not  vanisn  foi    u(t)  =  u(t-T)  =  0.     There- 
fore,  we  saall  use  Theorem  3.  i.  2. 

If    u{t)    for    ^  <t  <T    and  Uie  right  hand  side  of  (A.  9)  for  all 
t  >  3    are  sufficiently  smooth,     u(t)    and  a  proper  amount  of  its  derivatives 
for    C  <  t  <  T    are  small,   and    i  (t)    and  an  adequate  number  of  its  deriva- 
tives decay  as  some  sufficiently  high  negative  pov/er  of  t,     then  by 
Tneorem  3.1.  2  we  have  decay  for    u(t)    and  several  of  its  dex'ivatives. 
Now,   our  conditions  on    c,  v,     and    (^     give  us  these  conditions.     Thus, 
we  have  decay  for    u{t)    and  several  of  its  derivatives  and  hence  for    v(C,t) 
and  several  of  its  derivatives. 

For    X  >  0,     we  have  the  elementary  problem  discussed  above  for 
the  case  of  no  jump  condition  {A.  o).     Hence    v(x,  t)  =  3(t-Q'x)  for  i  +  ax>_a1   . 
i^lso,     v(0,  t)    is  smooth.     Thus,     ^'^~ =    B     (t-ax)    for  as  many 

derivatives  as    v(0,  t)    has.     Thus,   decay  of   v(3,  t)    and  several  of  its 

derivatives  carries  over  to  decay  of   v(x,  t)    and  several  of  its  derivatives 

for    C  <  X  <  .... 

Note  that  the  preceding  paragraph  implies    v    +  ov    =  3    for 

t  +  ax>  a  l^,x>  J  .     Hence,     v    +  av^  =  C    along    x  =  C    for    t>  a.l. 
—       2      —  xt  "  —       ^ 

where  by    v      we  meam  the  right  handed  derivative.     Together  with  {A.  o) 

this  implies    v     =  -  av,  -  2q'(c(v)v^K    for    x<;,  t>or  ],.     /long    x  =  0  , 
x  t  tt  —         —      z 

V*  =    "7V       a"<^    (c(v)v. ).  =  u"(t)    both  decay  by  Theorem  3. 1.  2.     Thus, 
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V     and    V      botn  decay  along  the  left  naind  side  of    x  =  0  .     Let 
t  X 

v(x,  t)  =  D(t  +  a-x)  +  E(t  -  ax)    for    x<C.    Then    D' (t)    and    E' (t)  both 
decay.     If  we  have  sufficient  decay  for    u'  (t)    and  u"(t),     we  have    D'  (t) 
and    E'  (t)    decaying  sufficiently  so  that    D(t)    =    D  .   -    ',     u'  (y)dy    and 


-     CO 


E(t)   =  E     -  \      E'(y)dy.     But  we  are  given    ,  (t)  =  D(t  -  aP.,)+  E(t  +a  :  ) 

CO       J.  i  i 

t  ,-  cj  ^  CO 

decays.     Thus,    D    -    ■  D' (y)dy  +  E     -  E' (y)dy  decays.     Hence, 

D  +  E  =  0,  E  =  -  E  .  /.  dd  B  to  E(t-ax)  and  subtract  it  from 
D(t  +  Qrx).  Then  D(t+ax)  and  E(t-Q'x)  botn  decay.  So  does  v(x,  t)  . 
Thus,     v(x,  t)    decays  for  all    x    in  our  region. 
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